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Chapter 1

Introduction

In this diploma thesis we present the Brill-Noether algorithm and show how it can be used for
effective construction of geometric Goppa codes and for the absolute factorization of bivariate
polynomials.

Let C be a projective plane curve defined over a field K and having only ordinary singular
points. The classical Brill-Noether algorithm gives a construction of a basis of the vector space
L(D) associated to a divisor D of the function field K(C) of the curve C where K denotes an
algebraic closure of K. A generalization of the classical Brill-Noether algorithm to projective
plane curves having non-ordinary singularities is presented in [BR8§|. In the frame work of code
theory this generalization gives a construction of “good” codes associated with curves having many
rational points over a given finite field. G. Haché’s presentation of the algorithms in a strictly
algebraic manner using the theory of algebraic function fields in [Hac96] (preceding papers [BH95]
and [Hac95]) permits an easy translation of the theory into any computer algebra language. It is
easy to compute the genus of any singular plane curve C, to find a basis of £(D), where D is a
divisor of the function field K (C), and to evaluate functions at any place B of degree one. We need
all this for the construction of a geometric Goppa code. All the algorithms have been implemented
by G. Haché in AXIOM. The Brill-Noether algorithm is polynomial in the degree of the curve and
the degree of the divisor. This complexity has been proved in [Lau97].

In the second part we show that the Brill-Noether algorithm is also valid for non-irreducible pro-
jective plane curves. We generalize the concepts defined for algebraic function fields to a structure
that is isomorphic to the direct product of function fields of the irreducible components. It is the
ring of global functions defined on the non-irreducible curve. We can now apply the Brill-Noether
algorithm for the absolute factorization of bivariate polynomials using the geometric approach pro-
posed in [Duv91l]. The Brill-Noether algorithm has been adapted to the non-irreducible case in
[LB89]. However, in [Hac98] it has been shown that the Brill-Noether algorithm is also valid for
non-irreducible curves without any modifications. This results in a better complexity.

Some new proofs concerning the Brill-Noether algorithm are presented in this diploma thesis.
All the necessary algorithms for the construction of geometric Goppa codes and the absolute fac-
torization have been implemented by the author in MuPAD. An implementation in MAGMA is
planned.
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Chapter 2

Algebraic Function Fields

In this chapter we first review the basic definitions and results of the theory of algebraic function
fields: waluations, places, divisors, the genus of a function field and the Riemann-Roch theorem.
Then we describe briefly the construction of geometric Goppa codes. For a thorough treatment of
algebraic function fields and codes we refer the reader to [Sti93].

Throughout the whole report, K denotes a perfect field.

2.1 Places

Definition 2.1 An algebraic function field F'/ K of one variable over K is an extension field F O K
such that F is a finite algebraic extension of K(x) for some element x € F which is transcendental
over K.

For brevity, we simply refer to F'/ K as a function field. The set K= {z € F| z is algebraic over K}
is a subfield of F, since sums, products and inverses of algebraic elements are also algebraic. K is
called the field of constants of F/K. We have K C K C F, and it is easily verified that F/?C is
a function field over K°. We say that K is algebraically closed in F (or K is the full constant field
of F)if K =K".

Remark 2.1 The elements of F' which are transcendental over K can be characterized as follows:
z € F is transcendental over K if and only if [F : K(z)] < co.

Proposition 2.1 Let F/K be a function field where K is a perfect' field. Then there exist x,y € F
such that F = K(z,y).

Proof: [Sti93], Proposition II1.9.2 O
Let us recall that a non-constant polynomial C' € K [X,Y] is called absolutely irreducible if it is
irreducible in K[X,Y] where K is an algebraic closure of K.

Proposition 2.2 Let F/K be a function field and K be the field of constants of F/K. Letx,y € F
such that F = K(z,y) and C(X,Y) € K[X,Y] be an irreducible polynomial such that C(z,y) = 0.
Then

K = K° < C is absolutely irreducible.

LA field is called perfect if all its algebraic extensions are separable. For example, fields of characteristic 0, all
finite fields and all algebraically closed fields are perfect
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Proof: [Sti93] Corollary I11.6.7 O

Definition 2.2 A valuation ring of the function field F/K is a ring O C F with the following
properties:

1. KCOCF,
2. foranyz€ F,z€ O orz—1 € O.
Proposition 2.3 Let O be a valuation ring of F/K. Then

1. O is a local ring, i.e. O has a unique mazximal ideal P = O\ OF, where O* is the group of
units of O.

2. For0#zcF,rePe=a1¢0.
3. For the field of constants of F/K we have K° C O and K° NP = {0}.

Proof: [Sti93], I.1.5. Proposition O

Definition 2.3 A place of the function field F/K is the mazimal ideal of some valuation ring O
of F/K. We denote the set of all places of F/K by Pr.

If O is a valuation ring of F//K and P its maximal ideal, then O is uniquely determined by B (the
preceding proposition), namely O = {z € F | 2= ¢ B}. Hence Og := O is called the valuation
ring of the place .

Theorem 2.4 Let O be a valuation ring of the function field F/K and ‘B the unique mazimal ideal
of O. Then

1. B is a principal ideal.

2. If B = tOgp then any element z € F \ {0} has a unique representation z = t"u for some
element n € Z and u € (92%. The number n does not depend on the choice of t.

Proof: [Sti93] Theorem I1.1.6 O

A ring having the above properties is called a discrete valuation ring.

Definition 2.4 Let P be a place of the function field F/K. Any elementt € B such that P = tOgp
is called a local parameter (or a uniformizing variable ).

A second useful description of places is given in terms of valuations.

Definition 2.5 A discrete valuation of F/K is a function v : F — Z U {occ} with the following
properties:

1. v(x) =00 <=z =0.
2. v(zy) = v(x) +v(y) for any z,y € F.
3. v(x +y) > min{v(z),v(y)} for any z,y € F.

4. There exists an element z € F with v(z) = 1.



2.1. PLACES )

5. v(a) =0 for any 0 #a € K.

A stronger version of the inequality 3 of the Definition 2.5 can be derived from the axioms and is
often very useful:

Lemma 2.5 (Strict Triangle Inequality) Let v be a discrete valuation of F/K and x,y € F
with v(z) # v(y). Then v(xz +y) = min{v(z),v(y)}.

Proof: [Sti93], 1.1.10. Lemma O

Definition 2.6 To any place P € Pr we associate a function vy : F' — Z U {oo} that turn out
to be a discrete valuation of F/K: Choose a local parameter t of B. Then every 0 # z € F has a
unique representation z = t"u with u € Oy and n € Z. Define vp(z) :==n and vgp(0) := oco.

Theorem 2.6 Let F//K be a function field.

1. For any place P € Pp, the function vy defined above is a discrete valuation of F'/K. More-
over, we have

Op = {z€F |uplz) 20},
Op = {z€F|vp(z) =0},
B = {zeF|vp(z) >0}

An element z € F is a local parameter for B if and only if vp(z) = 1.

2. Conversely, suppose that v is a discrete valuation of F/K. Then the set B :={z € F | v(z) >
0} is a place of F/K, and Ogp = {z € F' | v(z) > 0} is the corresponding valuation ring.

3. Any valuation ring O of F/K is a mazimal proper subring of F'.

Proof: [Sti93], I.1.12 Theorem O
According to this theorem places, valuation rings and discrete valuations of a function field essen-
tially amount to the same thing.

Let B be a place of F//K and Og its valuation ring. Since ‘B is a maximal ideal, the residue class
ring Og/P is a field. For z € Oy we define z(P) € Op/P to be the residue class of x modulo
B, for x € F'\ Ogp we put z(P) := oo (note that the symbol oo is used here in a different sense
as in Definition 2.5). By Proposition 2.3 we know that K C Og and K N*P = {0}, so the residue
map Ogp — Og/P induces a canonical embedding of K into Ogp/PB. Henceforth we shall always
consider K as a subfield of Og/P via this embedding. Observe that this argument also applies to
K° instead of K; so we can consider K as a subfield of Ogp/PB as well.

Definition 2.7 Let P € Pp.

1. Fp := Ogp/P is the residue class field of B. The map v — x(P) from F to Fp U {oo} is
called the residue class map with respect to P. Sometimes we shall also use the notation

x4+ P = 2(P) for x € Ogp.
2. degP := [Fip : P is called the degree of B.

The degree of a place is always finite; more precisely, the following holds.
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Proposition 2.7 If B is a place of F/K and 0 # x € B then
degP < [F: K(z)] < oc.

Proof:iSt193], 1.1.14 Proposition O
Since K is a subfield of Fy, we have the following Corollary.

Corollary 2.8 Let K° be the constant field of F/K. Then
[K°: K] < 0.

Remark 2.2 For the case when deg’PB = 1 we have Fyg = K, and the residue class map maps I
to K U{oo}. In particular, if K is an algebraically closed field, any place has degree one, so we can
interpret an element z € F' as a function

Z{PF — KU{OO}
LB e 2B

This is why F/K is called a function field. The elements of K, interpreted as functions in this
sense are constant functions. For this reason K is called the constant field of F'. Also, the following
terminology is justified.

Definition 2.8 Let z € F'\ {0} and P € Pr. We say that B is a zero of z if vp(z) > 0; P is a
pole of z if vp(z) < 0.

Proposition 2.9 Let F/K be a function field. Let R be a ring such that K C R C F and I a
proper ideal of R. Then there exits a place B € Pr such that R C Og and I € B. Moreover, if I
is a prime ideal then I =B N R.

Proof: [Sti93], Theorem I1.1.18. and [Che51], Remark 2 on page 8 O

Corollary 2.10 Let F/K be a function field and z € F transcendental over K. Then z has at
least a zero and a pole.

Proof: To find a zero of z, we apply the preceding proposition to the ring K[z] C F and to the
ideal I := zK|[z]. To find a pole, we use the same argument with z~!. 0

Remark 2.3 Let F//K be a function field and z € F'\ {0}. Then
z € K°\ {0} <= z has neither a zero nor a pole.

The implication (=) follows from the fact that KNP = {0} for any place P € Py and the converse
is true since by the corollary 2.10 z ¢ K “ implies that z is transcendental over K. O

Proposition 2.11 In a function field F/K any element z € F'\ {0} has only finitely many zeros
and places.

Proof: [Sti93], 1.3.4 Corollary O
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2.2 Divisors

The field K of constants of a function field F/K is a finite extension field of K, and F can be
regarded as a function field over K°. Moreover, since any valuation ring @ of F /K contains the

field K° of constants, the set of all valuation rings of F /Fc is the same as the set of all valuation
rings of F/K.

From here on, F/K will always denote an algebraic function field of one variable such
that K is the full constant field of F/K.

Definition 2.9 The (additively written) free abelian group which is generated by the places of F// K
is denoted by Dp, the divisor group of F//K. The elements of Dp are called divisors of F/K. In
other words, a divisor is a formal sum

D= Z ngp&p
PePr

with ng € Z, almost all nyg = 0.
The support of D is defined by

suppD := {P € Pr | ngp # 0}.
Two divisors D = 3 qcp, npP and D' = > g cp, ng® are added coefficientwise:

D+D":= Y (ngp+np)P.

PePr
We define vgp(D) := ngp. A partial ordering on D is defined by
Dy < Dy <= vip(D1) < vp(Ds) for any P € Pp.

A divisor D > 0 is called positive (or effective). The degree of a divisor is defined by

deg D := Z vp(D) - deg P

PePr

and yields a group homomorphism deg : Dy — Z. By proposition 2.11, any nonzero element x € F
has only finitely many zeros and poles in Pr. Thus the following definition makes sense.

Definition 2.10 Let 0 # x € F and denote by Z (resp. N ) the set of zeros (poles) of x in Pp.
Then we define

()0 = Pqezvp(@)F, the zero divisor of z,
(T)oo = Dpen —vp(x)P,  the pole divisor of z, and
() = ()0 — ()00, the principal divisor of x.

The elements 0 # x € F which are constants are characterized by
re K<< (z)=0.

This follows immediately from remark 2.3 (note the general assumption made previously that
K =K.



8 CHAPTER 2. ALGEBRAIC FUNCTION FIELDS
Definition 2.11

Pr:={(z)|0#z € F}
is called the group of principal divisors of F/K. This is a subgroup, since for x,y € F '\ {0},

(zy) = (z) + (y).

Two divisors are D, D’ € Dp are called equivalent, denoted by D = D', if D — D' € Pp.
Roughly speaking, the next proposition states that an element 0 # x € F has many zeros as
poles, provided the zeros and poles are counted properly.

Proposition 2.12 Let x € F'\ K. Then
deg(x)o = deg(z)so = [F : K(z)].

Proof: [Sti93], Theorem 1.4.11 O

2.3 The vector space L(D)

Our next definition plays a fundamental role in the theory of algebraic function fields.
Definition 2.12 For a divisor D € Dr we set
L(D) ={z e F\{0} | (z) = =D} U{0}.

The elements of £(D) may have poles only at the places of the support of D; more precisely, if
x € L(D) and P is a pole of x, then P € suppD and vp(r) > —vp(D). Moreover, x has at most
deg D zeros outside of suppD.

Lemma 2.13 Let D € Dp. Then L(D) is a vector space over K.
Proof: [Sti93], 1.4.6 Lemma O

Proposition 2.14 Let D € Dp. Then the dimension dimg L(D) of the vector space L(D) is finite.
We will denote dim D := dimg L(D).

Proof: [Sti93], 1.4.9 Proposition O

Proposition 2.15 There exists a constant v € Z such that, for all divisors D € D, the following
holds:
deg D —dim D < .

Proof: [Sti93] 1.4.14. Proposition O
Therefore the following definition makes sense.
Definition 2.13 The genus of F/K is defined by
g :=max{degD —dimD + 1| D € Dp}.
The genus is the most important invariant of a function field.

Remark 2.4 The genus of F/K is a non-negative integer.
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Proof: In the definition of g, put D = 0. Then deg(0) — dim(0) + 1 = 0, hence g > 0. O
Theorem 2.16 (Riemann) Let F/K be a function field of genus g.

1. For any divisor D € Dp,
dim D > deg+1 — g.

2. There is an integer ¢, depending on F/K, such that
dimD =degD+1—g
whenever deg D > c.

Proof: [Sti93], 1.4.17 Theorem O

The Riemann-Roch Theorem

Theorem 2.17 Let W be a canonical divisor of F/K. Then, for any D € Dp,
dim D =degD + 1 — g+ dim(W — D).

Proof: [Sti93], 1.5.15 Theorem O
Corollary 2.18 For a canonical divisor W, we have

degW =2g —2 and dimW = g.
Proof: [Sti93], I.5.16 Corollary 0
Theorem 2.19 If D is a divisor of F//K of degree > 2g — 1 then

dimD =degD +1—g.

Proof: [Sti93], 1.5.17 Corollary O

Corollary 2.20 Let B € Pp. Then there ezists u € F' such that B is the unique zero (pole) of u.

Proof: By the preceding theorem we know that there exists an integer n such that dim(n3) > 2
and consequently there exists v € £(n3) such that v ¢ K. Now ‘B is the unique place of v by the
definition of £(nP). It is obvious that B is the unique pole of v—1. O

2.4 Geometric Goppa Codes

In this section, we describe Goppa’s construction of error-correcting codes using algebraic function
fields. Let us fix some notation valid for the entire section.

e F/F, is an algebraic function field of genus g over the finite field F, with ¢ elements,
e Pi,..., P, are pairwise distinct places of F//F, of degree 1,

[ ] ’P:q31—|——|—£pn,
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e D is a divisor of F//F, such that suppD N suppP = 0.

Definition 2.14 The geometric Goppa code Cz(P, D) associated with the divisors P and D is
defined by

Ce(P, D) :={(@(P1),--.,x(Bn)) | z € L(D)} C Fy.

Note that this definition makes sense: for x € £(D), we have vy, () > 0 (i = 1,...,n) because
suppP NsuppD = (. The residue class z(P;) of x modulo PB; is an element of the residue class field
of P;. As deg’P; = 1, this residue field is Fy, so z(P;) € F,.

The geometric Goppa code C(P, D) is the image of £(D) under the evaluation map

o [ ED) Py
P T — (m(‘ﬁl),,x(‘ﬁn))

which is [Fy-linear.

Proposition 2.21 The geometric Goppa code Cz(P, D) is a [n,k,d] code with parameters
k =dim D — dim(D — P)

and
d>n—degD.

Especially if 2g — 1 < deg D < n, then
k=degD —g+1.
Proof: Since the mapping evp is a F4-linear we have
k := dimg, evp(L(D)) = dimg, (L(D)) — dimg, ker evp.

We have evp(z) = 0 if and only if z € L(D — P). Therefore k = dim D — dim(D — P). Let now
u € L(D). By the definition of £(D) u has at most deg D zero outside the support of D. It is
now clear that there exist at most n — deg D places of the support of D which are zeros of w.
Consequently the weight w := w(evp(u)) of the code word evp(u) is such that w > n — deg D.
This shows that d > n — deg D. Let now 2g — 1 < deg D < n. Since deg D < n = degP we have
L(D —P) = {0} and therefore k = dim D = deg D — g + 1 by the Riemann-Roch theorem since
deg D > 2g — 1. O

Construction of Goppa-Codes
If {x1,z9,...,2;} is a basis of L(D) then the matrix

z1(P1) 1 (P2) ... z1(P)

o 562(?1*1) 962(?32) 962@0

En(B1) Ta(B2) . a(B)

is a generator matrix for the geometric Goppa code Cz(P, D). It is now obvious what we need to
construct geometric Goppa codes for a given algebraic function field F/F, :
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1. Find the places of degree 1 and construct the divisor P,
2. Construct a divisor D such that suppD and suppP are disjoint,
3. Compute a basis B := {z1,x2,...,x;} of the vector space L(D),

4. Evaluate the functions x; € B at every place of the support of P.
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Chapter 3

Algebraic curves

In this chapter we describe briefly some elementary objects which arise in the study of algebraic
geometry and present some basic facts about algebraic curves. We will see that the function field
K(C) of a curve C is a an algebraic function field of one variable. This fact permits us to use several
concepts of algebraic geometry to get more information about our algebraic function field of one
variable.

3.1 Affine curves
Definition 3.1 Affine n-space over K is the set of n-tuples
A" = A"(K)={P = (a1,...,an) | a1,...,a, € K}.
Similarly, the set of K-rational points in A" is the set
A"K)={P=(a1,...,ap) € A" | a1,...,a, € K}.
Notice that the Galois group g?/K acts on A"; for o € QK/K and P € A",
P? = (af,...,a?).
Then A™(K) may be characterized by

A™(K)={P e A" | P" =P forall 0 € Gz }.

Let K[X] = K[Xi,...,X,] be the polynomial ring in n variables, and let I C K[X] be an ideal.
To each such ideal I we associate a subset of A",

V(I)={P e A" | G(P) =0 for all G € I}.

Definition 3.2 An (affine) algebraic set is any set of the form V(I). If V. C A™ is an algebraic
set then the ideal of V' is given by

I(V)={F e K[X]| F(P)=0 forall P € V}.

13
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An algebraic set V' is set defined over K if its ideal Z(V') can be generated by polynomials in K[X].
We denote this by V/K. If V is defined over K, the set of K-rational points of V' is the set

V(K) =V NA"K).

Remark 3.1 Note that by the Hilbert basis theorem, all ideals in K[X] and K[X] are finitely
generated (i.e. the rings K[X] and K[X] are noetherian).

Let V be an algebraic set, and consider the ideal
I(V/IK)={Ge K|IX]|G(P)=0forall Pe V} =Z(V) N K[X].
Then we see that V' is defined over K if and only if
(V) = Z(V/K)K[X).
Let V' be an algebraic set and o € G /K Consider the ideal
Z(V)? :={G° |GeZ(V)}.
It is obvious that

V is defined over K <= Z(V) =Z(V)? for all o € 9% /K-

Definition 3.3 An affine algebraic set V' is called an affine variety if Z(V') is a prime ideal in
K[X]. Note that if V is defined over K, it is not enough to check that Z(V/K) is prime.

Definition 3.4 Let V' be an affine variety. The coordinate ring of V' is defined by
K[V] = K[X]/Z(V).
If V is defined over K, the coordinate ring of V/K is defined by
K[V]:= K[X]/Z(V/K).

Remark 3.2 The coordinate ring of a variety V can be interpreted as a set of functions with values
in K which are defined at all points of V. Let f € K[C] and F € K[X] such that f = F+Z(V) €
K[V]. We call f(P):= F(P) the evaluation of f at the point P. It is clear that the definition of
the evaluation does not depend on choice of the representative F.

Since the ideal Z(V') of a variety V is a prime ideal the coordinate ring K[V] integer and we can
construct the quotient field Quot(K[V]) of K[V].

Definition 3.5 Let V be an affine variety. The function field of V, denoted by K(V), is the
quotient field Quot(K|[C]). If V is defined over K, the function field of V/K, denoted by K (V), is
the quotient field Quot(K[V]).

Definition 3.6 Let V C A™ and W C A" be two varieties. We say V and W are birationally
isomorphic if their function fields K(V) and K(W) are K -isomorphic.
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Remark 3.3 Let V/K be an affine variety. It is clear that K[V] and K(V) can be embedded
canonically in, respectively, K[V] and K (V). Therefore we will always consider K[V] as a subring
of K[V] and K(V) as a subfield of K(V).

Since V' is defined over K, the Galois group QX/K takes Z(V') into itself (by acting on the
coefficients of the polynomials of the ideal) and we can extend the action of QK/K to K[V] and
K (V). One can check easily that K[V] and K(V) are, respectively, the subsets of K[V] and K (V)
fixed by Q?/K.

Definition 3.7 Let V be an affine variety and P € V. The local ring of the point P is the ring
Op(V)={f/ge K(V)| [, g € K[V],g(P) # 0}.

Let u € Op(V) and f,g € K[V] such that u = f/g where g(P) # 0. We call u(P) := f(P)/g(P)

the evaluation of u at the point P.

Remark 3.4 We can consider Op(V') as the set of all functions which are defined at the point
P. Let Mp be the maximal ideal corresponding to the point P € A% Then Z(V) C Mp and
Mp := Mp +Z(V) is a mazimal ideal of the coordinate ring K[V]. We have

Op(V):={f/g9| f.ge K[V],g ¢ Mp}.

The ring Op(V') is the localization F[V]MP of K[V] at the mazimal ideal M p and has the unique
mazimal ideal
MP(V) = {f,gGF(V)|f,g€F[V],f€Mp,g¢Mp}
= {fige K\V)|f,g€ K[V], f(P)=0,9(P)# 0}
The function field K (V) of a variety is an extension field of finite type (i.e. there exist z1,..., 7, €

K (V) such that K(V) = K(z1,...,2,)). Especially the transcendence degree of K (V) over K is
finite.

Definition 3.8 Let V' be a variety. The dimension of the variety V', denoted by dim(V), is the
transcendence degree of K(V) over K.

Definition 3.9 An affine curve C C A™ is an affine variety of dimension 1.
Definition 3.10 Let C € K[X,Y] be an absolutely irreducible polynomial and consider the variety
C:={C=0}={PcA?|C(P)=0}.

It is clear that the function field K(C) is of transcendence degree one over K. The variety C is
therefore a curve and since it is contained in the affine plane A%, we say that it is an affine plane
curve. Since C € K[X,Y] the curve C is defined over K.

In studying any geometric object, one is naturally interested in knowing whether it looks reasonably
“smooth”. The next definition formalizes this notion in terms of the usual Jacobian criterion for
the existence of a tangent plane.



16 CHAPTER 3. ALGEBRAIC CURVES

Definition 3.11 Let V be a variety, P € V, and G1,...,Gn € K[X] a set of generators for Z(V).
Then V is non-singular (or smooth) at P if the m x n matriz

(0Gi/0X;(P))1<i<m,1<j<n

has rank n — dim(V'). If V is non-singular at every point, we say that V is non-singular (or
smooth ).

For an affine plane curve the situation is much simpler.

Proposition 3.1 LetC := {C = 0} be an affine plane curve. Let Cx and Cy denote the derivatives
with respect to X and Y. Then

P = (a,b) € C is simple <= Cx/(a,b) # 0 or Cy(a,b) # 0.

We want to establish a correspondence between points of an affine plane curve C := {C' = 0}
and places of its function field K(C). To do this we study local rings of points. One of the most
important properties of a point of C C A? is its multiplicity. Let P := (0,0) € A%2. We can write

C=Cn +Cpy+...+Cphy

where m; < mg < ... <mg and C),, is a homogeneous polynomial of degree m; for i =1,2,...,d.
We call Cy,, the initial form of C and denote it by Init(C). The multiplicity of the point P = (0, 0)
of C, denoted by mp(C), is the degree of the initial form, m ) (C) := degInit(C). If P = (a,b),
the multiplicity of the point P of C' is defined by mp(C) := m 0 (C(X +a,Y +0)). It is clear
that C'(P) = 0 if and only if mp(C) > 0.

Recall that every homogeneous polynomial of K[X, Y] factors in linear forms. If P = (0,0) and
mp(C) > 0 then we have

mp(C)
mit(C) = J] (X +5Y).
i=1

Geometrically speaking, the distinct factors L; = o; X + ;Y of Init(C') define tangents in at the
affine plane curve C at the point P.

Definition 3.12 Let C := {C = 0} be an affine plane curve and P € C. We call mp(C) := mp(C)
the multiplicity of the point P.

Theorem 3.2 Let C := {C = 0} be an affine plane curve and P € C. The point P is a simple
point of C if and only if Op(C) is a discrete valuation ring. In this case, if T = aX + BY ++ is any
line through P which is not tangent to C at P then the image t of T in Op(C) is a local parameter
of Op(C*).

Proof: [Ful69] Theorem 1 on page 70 O

Let C := {C = 0} be an affine plane curve and P := (a,b) € C. Let Cx and Cy denote the
derivatives of C' with respect to X and Y. We have

mp(C) =1 <= Cx(a,b) # 0 or Cy(a,b) # 0.

The right side of this equivalence corresponds to the definition of a simple point of an affine plane
curve. The following proposition summarizes the equivalent conditions for a simple point.
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Proposition 3.3 Let C := {C = 0} be an affine plane curve and P := (a,b) € C. Then the
following assertions are equivalent

1. P is simple.

2. Cx(a,b) # 0 or Cy(a,b) #0.

3. mp(C) = 1.

4. Op(C) is a discrete valuation ring.

Proposition 3.4 The multiplicity of a point P € C depends uniquely on the local ring Op(C).
Indeed, it can be show that there exists a sufficiently large N such that for all n > N

mp(C) = dimg Mp(C)"/Mp(C)"
where Mp(C) is the mazimal ideal of Op(C).
Proof: [Per95] Proposition 4.6 on page 113 or [Ful69] Theorem 2 on page 71. O

3.2 Projective plane curves

On the set A3\ {(0,0,0)}, an equivalence relation = is given by
(ag, a1, az) = (bo, b1, be) if there exists 0 # A\ € K such that a; = \b; for i = 0,1,2.

The equivalence class of (a1, a2, as) with respect to the equivalence relation = is denoted by (a; :
as : a3). The projective plane P? is the set of equivalence classes

P? := {(ay : as : a3) | a; € K, not all a; = 0}.

An element P = (ay : ag : ag) € P? is called a point, and ag, a1, as are called its homogeneous
coordinates. We say a point P = (a : b : ¢) is at infinity if az = 0. If V C P? we denote by V. the
set Voo :={(a:b:¢) €V |c=0}. For i =0,1,2 we set

Ui :={(ap : a1 : az) € P? | a; # 0}.
We call the sets U; the standard open sets of P2. For i = 0, 1,2 we have the bijective maps

A2 — U;
) (l1:a:b) ifi=0,
i (a,b) — (a:1:b) ifi=1,
(a:b:1) ifi=2

The plane P? is covered by the standard open sets Uy, U; and Us. They are canonically isomorphic
to A2

The elements of K[U,V, W] can not be considered as functions defined on the projective plane
P? since every point of P? can be represented by infinitely many homogeneous polynomials. For
d € N we set

Sy :={G € K[U,V,W] | G is a homogeneous polynomial of degree d}.

If G € Sy we say that P = (a: b:c) € P?is a zero of G, denoted by G(P) = 0, if G(a,b,c) = 0.
Since G is homogeneous we have G(Aa, Ab, A\c) = \G(a, b, ¢) for all A € K \ {0} and it is now clear
that the definition does not depend on the coordinates of P.
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Definition 3.13 A projective plane curve C* C P? is the zero set of a homogeneous irreducible
polynomial C* € K[U,V,W]. If C* € K[U,V,W], we say the curve C* is defined over K and we
write C* /K.

Let C* € K[U,V,W] be a homogeneous irreducible polynomial. Let Z(C) := (C*). The coordinate
ring of C* is the ring
K[C*] := K[U,V,W]/Z(C").

If C* is defined over K, the coordinate ring of C*/K is the ring
K[C*]| .= K[U,V,W]/Z(C*/K).

Definition 3.14 Let C* := {C* = 0} be a projective plane curve. We say g € K[C*]\ {0} is a form
of degree d if there exists a homogeneous polynomial G € S of degree d such that g = G+ (C*). We
define deg g := d and write g(P) # 0 if P € C* such that G(P) # 0. The same definitions apply to
K[C*] if C* is defined over K.

The degree of a form is well-defined: if G’ and G are two non-zero homogeneous polynomials of
different degrees such that G — G’ € (C*) then G € (C*) and G' € (C*) since otherwise the
polynomial C* would not be homogeneous.

We can not consider the elements of K[C*] as functions defined on C* since the value would
depend on the representation of the equivalence class. On the contrary, let d € N and G, H € Sy.
Let P = (a:b:c) € C* and suppose that H(P) # 0. Then for all A € K \ {0} we have

G(Aa, b, Ac)  MG(a,b,c)  G(a,b,c)
H(Xa,\b,\c)  MH(a,b,c) H(a,b,c)

and the map G/H — (G/H)(P) := G(Z’b’i) is well-defined.

Definition 3.15 Let C* be a projective curve. The function field K(C*) of the curve C* is the
subfield of the quotient field of K[C*] given by

K(C*):={f/g| f, g € K[C*] are forms of the same degree and g # 0}.
If C* is defined over K, the the function field K(C*) of C*/K is the field
K(C*):={f/g| f,g9 € K[C"] are forms of the same degree and g # 0}.

We say u € K(C) is defined at the point P € C* if there exist two forms f and g of the same degree
such that v = f/g and g(P) # 0. If G, H € Sy are such that g = G + (C*) and h = H + (C*) we
evaluate u at the point P by setting u(P) := (G/H)(P).

Definition 3.16 Let C* be a plane projective curve and P € C*. The local ring of the point P is
defined by

Op(C*):=={f/g| f.g € K[C*] are forms of the same degree and g(P) # 0}.

The local ring Op(C*) of a point P is the set of all functions defined at the point P. It is clear that
Op(C*) is a local ring and that its unique maximal ideal is

Mp(C*) ={f/g € Op(C*) | f(P) = 0}.
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Definition 3.17 LetC and C’ be two plane curves (affine or projective). We say that C is birational
to C' if their function fields are K-isomorphic.

We show that any projective plane curve is birational to some affine plane curve. Let C* := {C* = 0}
be a projective plane curve and suppose that C* # W. Set C' := C*(X,Y,1). The corresponding
curve is
C=m (C)={Qe A C(Q) =0}

The irreducibility of C' follows from the irreducibility of C*. Therefore C is an affine plane curve.
Moreover, C* is birational to C. It is easy to show that

{ K(*) — EK(C)

P2

Guvw) | Glayl)
H(u7v7w) H(m’y71)

is a K-isomorphism where u,v and w denote the residual images of, respectively, U,V and W in
K[C*] and where = and y denote the residual images of, respectively, X and Y in K|[C]. Similarly we
define the K-isomorphisms ¢; and conclude that C; := ; 1(C*) is an affine plane curve birational
to C*.

Conversely, let C := {C = 0} be an affine plane curve defined by the polynomial

d
C=> Y a;; XV €K[X,Y].

1=0 l=i+j
We set ;
C* =) > oy UVIWD e KU, V, W]
1=0 I=i+j
and
C*:={C*=0}.

Since C'(X,Y) = C*(X,Y, 1) it is clear that C* is irreducible. We show now the isomorphism. Let
f/g € K(C) and F,G € K[X,Y] with f = F+ (C) and g = G + (C). Then

KlC) — K(C*)

flg +— wieGds Py o w)/G* (u,v,w)

is the desired isomorphism. The projective plane curve C* is called the projective closure of the
affine plane of C. For the relation between a curve and its projective closure see [Kun85] Lemma
2.12 on page 70.

Remark 3.5 Let C* be a projective plane curve. For i =0,1,2 we have shown that C; := Wi_l(C*)
is an affine plane curve which is birationally isomorphic to C*. Note that there is a bijective
correspondence between C; and C*NU;. Moreover, if P € C*NU; and P; € C; is such that w(P;) = P
then

©i(Op(C7)) = Op,(Ci).
The local rings Op(C*) and Op,(C;) are isomorphic. Thus questions about a projective plane curve
C* near a point P can be reduced to questions about the affine plane curve C.

We observe that Ty = (u/w,v/w) is a coordinate pair of the function field K(C*) since
wo(u/w) = x and pa(v/w) = y and K(x,y) = K(C) = K(C*). Similarly, we verify that T'y :=
(u/v,w/v) and Tg := (v/u,w/u) are coordinate pairs of K(C*). We call the coordinate pairs T'; for
i =0,1,2 the standard coordinates pairs of the function field K(C*).
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Since the function field of an affine plane curve is an algebraic function field in one variable we have
the following proposition.

Proposition 3.5 The function field of a projective plane curve is an algebraic function field in one
variable.



Chapter 4

Brill-Noether algorithm

The aim of this chapter is to present the Brill-Noether algorithm which computes a basis of the
vector space L(D) associated to the divisor D of the function field of a plane curve.

Since K is a perfect field, there always exist z,y € F such that F' = K(x,y). Let C € K[X,Y]
be the irreducible polynomial such that C'(x,y) = 0. Since K is the full constant field of F, the
polynomial C' is absolutely irreducible. Let F be the composition field F' := KF where K is an
algebraic closure of K. Let C/K be the affine curve C := {C' = 0} which is defined over K. It
is clear that the function field K(C) of C is isomorphic to the algebraic function field F' and the
function field K(C) of C/K is isomorphic to the algebraic function field .. We see that an algebraic
function field is always isomorphic to the function field of an affine plane curve. Given the function
field of a curve C C A™ with n > 3 it is not always easy to find a coordinate pair of this field.
We will not treat this problem here. Our algebraic function field F will always be the function
field of a projective plane curve defined over K. In this case we know the standard coordinate
pairs. Much of the work of this section can be viewed as methods for finding new coordinate pairs
from some already known coordinate pair (blowing up points). The defining polynomials of the
new coordinate pair determine affine plane curves with function fields isomorphic to F. The new
coordinate pairs will give us new information on our function field F.

From both an algebraic and algorithmic point of view it will be very useful to identify
the algebraic function field F' with all function fields K (C) of affine plane curves C which
are K-isomorphic to F' (F = K(C)). This will permit us to compare local rings of points
of different curves. We will need this when we blow up singular points.

The Brill-Noether algorithm is only defined when the field K is algebraically closed. But, as we
will see in section 4.8.1, “Constant field extensions”, it is always possible to associate to a divisor
D of the function field K (C) a divisor D of the function field K (C) such that

1. dimg £(D) = dimg L(D),
2. there exists a basis of £(D) consisting of elements of K(C), and
3. any basis of £(D) consisting of elements of K(C) is a basis of £(D).

Thus to compute a basis of £(D) we apply the Brill-Noether algorithm to the divisor D and gurantee
that the basis consists of elements of K (C).

21
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4.1 Points versus places

Definition 4.1 (Coordinate pair of F) A pair I := (x,y) C F such that F = K(x,y) is called
a coordinate pair of F. The irreducible polynomial Cr € K[X,Y] such that Cr(x,y) = 0 is called
the defining polynomial of F with respect to I'. We associate to the coordinate pair T the affine
plane curve

Cr := {(a,b) € A* | Cr(a,b) = 0}.
We say that T is defined over K, denoted by I'/K, if and only if Cr € K[X,Y] and F = K(z,vy).
Let C := {C = 0} be an affine plane curve such that K(C) = F. There exist infinitely many

isomorphisms from K (C) to F. On the contrary, by choosing a coordinate pair I' := (z,y) of F/K
such that C = Cr, we fix the isomorphism

{ kC) — T
$r - F(X)Y) F(z,y)
axXy)  Glay)

which maps X and Y (the residual images of X and Y in the coordinate ring K|[C]) to, respectively,
x and y. If T is defined over K then we can restrict or to the field K (C) and obtain the isomorphism

As we have seen we can associate to a coordinate pair I' := (x,%) of F//K the affine plane curve
Cr and obtain thereby the isomorphism ¢r : K (Cr) — F. This permits us to carry over all concepts
of curves to the algebraic function field F.

Remark 4.1 Let T := (z,y) be a coordinate pair and C := Cr the associated curve. Let P := (a,b)
be a point of C and Op(C) be the local ring of P. Since

0p(C) = KX, Y]z oy 4):

it 1s clear that

(PF(OP (C)> = K[xv y] (x—a,y—b)*
We introduce now the notion of points of function fields.

Definition 4.2 (Point of the function field F/K) A point of F/K is a pair P := (a,b;z,y)
where ' = (z,y) is a coordinate pair of F/K and (a,b) is a point of the curve Cr associated to T.
The localization of K[z,y] at the mazimal ideal (x — a,y — b)

OP = K[:C, y] (x—a,y—b)

1s called the local ring of P. Its maximal ideal is denoted by Mp. It is generated by x — a and
y—b. We call the set
Z(T) = {(a,b;2,y) | (a,b) € Cr}

the point set of F//K determined by the coordinate pair T'.

Let T' = (z,y) be a pair of coordinates of F//K and P = (a,b;x,y) € Z(I'). The point P inherits all
definitions and all local properties of the point (a,b) of the curve Cr via the isomorphism ¢p. For
example, the point P is simple if and only if (a,b) € Cr is simple and the multiplicity of P, denoted
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by mp, is the multiplicity m, ) (Cr) of (a,b) € Cr. If u € Op then there exist F,G € K[X,Y] such
that u = F(z,y)/G(z,y) and G(a,b) # 0. We call u(P) := F(a,b)/G(a,b) the evaluation of u at
P. Tt is clear that this definition does not depend on the choice of the polynomials F' and G.

Two distinct points Py := (a1, b1;x,y) and Py := (ag, bo; z,y) of Z(T') yield distinct local rings
as they correspond to two different points (aj, b1) and (ag, b2) of the curve Cr. The definition of a
point of F/f permits us to compare points corresponding to two points of different curves. Now
if (x1,y1) and (x9,y2) are different coordinate pairs of F//K then there may exist two different
points P := (a1,b1;21,y1) € Z((x1,y1)) and P := (az, ba; 2,92) € Z((w2,92)) of F/K such that
Op, = Op,. Therefore we define the following equivalence relation.

Definition 4.3 (Equivalent points) Let P; and P, be two points of F/K. We say that Py and
P, are equivalent, denoted by Py = Ps, if Op, = Op,.

Remark 4.2 (Affine transformations) Let I' := (z,y) be a coordinate pair of F/K with the
defining polynomial C. For any o, 8 € K we have K[z,y] = K|x—a, y—0]. Therefore (v—a,y—/3) is
a coordinate pair of F /K with the defining polynomial C(X+a,Y+3). If P = (a,b;x,y) € Z((x,y))
then P! = (0,0;2 —a,y — B) € Z((x —a,y — ) and P is equivalent to P'. We obtain the point P’
by translation of the point P to the origin.

Let aq, B, a0, B2 € K with v := a1 B2 — Broe # 0. We obtain a new coordinate pair (z1,11) of
F/K by setting

r1 = oz + [y,
y1 = ox+ By

The defining polynomial of (z1,y1) is C(yeX —v61Y, —yas + a152Y).

Let A and B be local rings with the maximal ideals, respectively, M 4 and Mp. We say B dominates
Aif BO Aand Mp 2D Mjy.

Definition 4.4 (Above relation) Let P and Q be two points of F/K. We say Q is above P,
denoted by Q | P, if Og dominates Op. If P is a place of F/K we say P is above the point P,
denoted by B | P, if Op dominates Op. We say P is a representative of the place B, denoted by
P =, if Op = Og.

The relation @ | P defines a partial order on the set of points of F'/K. The simple points of F/K
are the maximal elements for this order since their local rings are discrete valuation rings which
are maximal proper subrings of F.

Let P be a point F'/K and B a place above P. We will see in section 4.2, “Blowing-up points”,
how to compute a chain of points P = Qq, Q1,Q2,. ..,Qy such that Q;41 | Q; fori=1,...,n—1

and Q, =P.
Lemma 4.1 Let P := (a,b;z,y) be a point of F/K and B € Px such that P | P. Suppose that
vp(z —a) <vgp(y —b). Then

vp(r — a) = min{rp(z) | 2 € Mp}.

Proof: Let z € Mp. There exist g,h € Op such that z = (x — a)g + (y — b)h. We have
z/(x—a) = g+h(y—0b)/(x—a) and z/(x—a) € Og since vp(xr —a) < vp(y—>b) and g,h € Op C Ogp.
Hence vp(z — a) < vp(z) for all z € Mp. O



24 CHAPTER 4. BRILL-NOETHER ALGORITHM

Proposition 4.2 (Local parameter of a place) Let P = (a,b;x,y) be a simple point. Then
x —a ory—bis alocal parameter of the place P = P.

Proof: This follows from the preceding lemma and from the fact that ¢ is a local parameter of 3 if
and only if vp(t) = 1. O

Proposition 4.3 Let P := (a,b;x,y) be a point of the function field F/K. Let Q be a point of
F/K and Q a place of F/K. Then the following assertions are equivalent:

L Q|P QP

2. OpCOqg Op COg

3. MpC Mg Mp CQ

4. z—aeMgandy—be Mg r—a€Qandy—beQ

Proof: We show the proposition for the point @ of F/K (the proof for a place is similar). By
definition we have (1) & ((2) and (3)). We show (2) = (3) = (4) = (2).

e (2) = (3) Suppose that Op C Og and consider the injection Op — Og followed by the
canonical projection Og — Og/ Mg =2 K

gD:Op‘—>OQ—>OQ/MQ§F.

The kernel of ¢ must be a maximal ideal as the image of ¢ is a field. Since Op is a local ring,
we have ker ¢ = Mp. We must have Mp C Mg. Otherwise ¢ would not be surjective.

e (3) = (4) This is trivial since Mp = (z — a,y — b) Op.

e (4) = (2) Let u € Op. Since Op is the localization of K|x,y] in the maximal ideal Mp =
(x — a,y — b), there exist g,h € K|z,y] such that u = g/h with h ¢ Mp. By assumption
r—a,y—b € Mg. We have therefore K[z,y] C Og and Mp C Mg. Consequently
Mp = Klz,y] N Mg and we have g,h € Og with h ¢ Mg. Therefore h™! € Mg so
that u = gh™! € Og.

a

Corollary 4.4 A place B € P5 can not be above two distinct points Py = (a1,b1;2,9) and Py =
(ag,be;x,y) of Z(T') for a fixed coordinate pair T' = (z,y) of F/K.

Proof: Assume that 3 is above P; and P,. Then by the preceding lemma x — a1,  — az, y — b1,
y — by € P and consequently a; — as or by — b is a non-zero constant contained in B contradicting
the fact that PN K = {0}. O

Corollary 4.5 Let P be a point of the function field F/K. Then at least one place and at most
finitely many places B € Px are above P.

Proof: By proposition 2.9 we know that there exists at least one place T3 above P. Now there can
not be infinitely many places above P since by the preceding proposition every place above the
point P = (a,b;z,y) is a zero of x — a and y — b. We know by proposition 2.11 that any element of
F\ {0} has only finitely many zeros, and consequently z —a and y — b can have only finitely many
common Zzeros. O
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Corollary 4.6 (Point set Z(I') of F/K) Let ' = (x,y) be coordinate pair of F /K. Then

Z(T) ={(=(P),y(P);z,y) | B € P& such that x € Op and y € Op}.

Proof: (C) : Let P = (a,b;x,y) € Z(I'), Op its local ring and P € P such that P | P. Since
Mp CPB, we have x —a € P and y — b € P and therefore (a,b) = (z(B), y(P)).
(2) : Let C be the defining polynomial of I' and B € Pz such that x,y € Ogp. We have

C(z(P),y(B)) = Clz,y)(P) = 0(F) =0
and therefore (z(P), y(P); z,y) € Z(T). O

Remark 4.3 For a fived coordinate pair I' = (z,y) of F/K there exist at least one place and at
most finitely many places of F/K which do not dominate any point of Z(I'). These places are
exactly the places which are poles of x ory. We will have to work with projective plane curves to
avoid this “imbalance” between points and places.

4.2 Blowing-up points

Let P be a point of the function field F/K and % € P+ a place above P. If P is a simple point
then Op = Og. If P is a singular point then Op C Ogp. We may now ask if there exists a point
Q of F/K such that Q = ‘B and if this is the case how this point can be determined. These two
questions are closely related to the desingularization problem which consists of finding a smooth
curve birationally isomorphic to a given singular curve. The classical method for solving this
problem uses the technique of “blowing-up points”.

Let I' := (z,y) be a coordinate pair of F'//K an C an affine plane curve such that C = Cp. A
point P = (a,b;x,y) € Z(T') represents a place of F'/K if and only if P is a simple point. The point
P corresponds to the simple point (a,b) of the curve C. A place p € P5 can not be represented
by a point Z(I") if and only B is above a singular point of Z(I'). We will change the coordinates
(x,%) in order to find a representation of such a place as a point of F/K.

Let C € K[X,Y] be the defining polynomial of the coordinate pair (z,y). Set x1 := z/y and
y1 := y/x. Then both (x1,y) and (x,y1) are coordinate pair of F/K since z € K(x1,y) and
y € K(z,y1). The process of passing from (x,y) to (z,y1) (resp. (x1,y)) is called the monoidal
transformation with respect to the exceptional coordinate x (resp. y). Let G € K[X,Y] and
m := degInit(G). Then m is the biggest integer such that X™ divides G(X, XY) € K[X,Y] and
Y™ divides G(XY,Y) € K[X,Y]. We set

Gl = G(X,XY)/X™ € K|X,Y]

which we call the strict transform of G with respect to the exceptional coordinate x. Similarly, we
set
G .= G(XY,X)/X™ € K[X,Y]

which we call the strict transform of G with respect to the exceptional coordinate y.

Lemma 4.7 LetT := (z,y) be a coordinate pair of F /K with the defining polynomial C € K[X,Y].
Then C¥ (resp. CW) is the defining polynomial of the coordinate pair (z,y1) (resp. (x1,y)).
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Proof: It is clear that Cl(z,5;) = 0. It suffices to show that C[*l is irreducible to conclude the

proof. We write
CX,)Y)=Cn(X,Y)+ Cri1(X,Y)+ ...+ Cr(X,Y)

where m := deg Init(C'), n := deg C and C; is a homogeneous polynomial of degree i for m <i < n.
It is now easily seen that

CPIX, Y1) = Con(1, Y1) + XCry 1 (1, Y1) + ...+ X"C(X, Y7).

We have C(X,Y) = X™CP*(X,Y/X) and it is clear that C*) must be irreducible. Otherwise C
would not irreducible. O

Assume that P = (0,0;x,y) is a point of the function field /K and P € P5 a place above P.

L. If y1 := y/x € Ogp then
Q = (anl(m)a%yl)

is a point of /K (by corollary 4.6) such that 8 | Q and Q | P (by proposition 4.3).
2. Similarly, if z; := x/y € Oy then
Q"= (z1(P), 0;21,91)
is a point of F'/K such that 8 | Q" and Q' | P.

It is easily verified that if ;1 € Og and y; € Og, then Q and Q' are above each other and therefore
Q=Q"

Definition 4.5 Let P := (a,b;z,y) be a point of F/K and P € Pz a place above the point P. Set
ro:=x—a and yp:=y —b.

1. If y1 :=yo/xo € O, then we set
P¥ := (0, 8,20, 1)
where 3 := y1(P). We call z¢ the exceptional coordinate of the point P¥.
2. Otherwise, we have x1 := xo/yo € P and we set
P¥ = (0,0,z1,y0)-
We call 39 the exceptional coordinate of the point P¥.

n -1\ B N
We set PP .= P and PF" = (p‘B( D) for n > 1. The point PF™ s called the infinitely
close point of order n towards the place . We call blow up of the point P the set

B(P) := {P¥ | P € P such that P | P}.
We note that by Corollary 4.5 the blow up of a point is a finite set.

Remark 4.4 Let P := (a,b;x,y) be a point of F/K and B € P above P. We note that if we
apply the preceding definition to the point Py := (0,0;x — a,y — b), then we have P(-;13 = P¥.
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We determine now the coordinates of points of B(P) as a function of the coordinates of P. Suppose
that P = (0,0;z,y) and let C'(X,Y) € K[X,Y] be the defining polynomial of the coordinate pair
(z,y). Let Init(C) be the initial form of C' and m := mp > 0 the degree of Init(C). Consider its

factorization
m

Init(C) = [ [(: X + BY).
i=1
Let (x,y1) (resp. (x1,y)) be the monoidal transform of (z,y) with respect to the exceptional
coordinate z (resp. y) which have CIl (resp. Cl¥]) as defining polynomials. Let H := C — Init(C).
Then [ := degInit(H) > m and we can write

Cll = [J(ei + Biy) + X gl

=1

and .
Wl = TJ(uX + 8;) + Y= Y,

=1

Now let p € Pi be a place above P (recall that in this case z,y € P by proposition 4.3). By the
definition of a valuation ring we have y; = y/x € Ogp or 1 = z/y € Og.

1. If y; € Og, then

m

0=0(P) = C(z,y1)(P) = [ [ (i + Bia (P)) = Wit(C)(L, y1.(P))

i=1

and consequently there exists ¢ such that 3; # 0 and y; () = —;/B;. Therefore
Pm = (07 _O[Z//B’La Z, ?Jl)

2. If y1 ¢ Ogp, then 1 € P and z1(P) = 0. We have

m

0= 0(P) = C¥(x1,y)(B) = [[ (a1 (B) + 6:) = [[ 6
=1

i=1
and consequently there exists ¢ such that 3; = 0. Therefore

P¥ = (0,0;21,y).

Note that the values —«;/f; are the distinct roots of Init(C')(1,Y). There exists ¢ such that 3; =0
if and only if Init(C)(0,1) = 0 which is equivalent to say that X does not divides Init(C). More
precisely, we have

%(P) = {<O77;xay1) ’ Ve F? Init(c)(177> = 0} U %OO(P>
where

[ {(0,05z1,y)} if Init(C)(0,1) = 0
Boo(P) = { 0 i otherwise )
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Remark 4.5 Let P = (0,0;z,y) and Cr be the affine plane curve associated to the coordinate
pair I' := (x,y). Note that the points of B(P) correspond bijectively to the distinct linear factors
of Init(C) and consequently to the tangents of the curve Cr in the point (0,0). More precisely,
Q = (0,v;z,y1) € B(P) if and only if the line yX —Y = 0 is a tangent of the curve Cp in the
point (0,0). Similarly, Q" = (0,0;z1,y) € B(P) if and only if X = 0 is a tangent of the curve Cr
in the point (0,0). We construct the points of B(P) by splitting (“blowing up”) the singular point
(0,0) in several new points corresponding to the tangents of the curve Cr in (0,0).

Definition 4.6 Let P be a point of F/K. We say (z,y) is an exceptional coordinate pair of the
blow up B(P) if

1. P=(0,0;z,y), and
2. x/y € Ogp and y/x € Ox for all places P € Pz above P.

Lemma 4.8 FEvery blow up B(P) of a point P of F/K has a exceptional coordinate pair.

Proof: We assume without loss of generality that P = (0,0;x,y). Set 2’ := x4+ ay and ¢ := z+ Sy
where a, 3 € K \ {0}. It is clear that if o # 3, then I” := (2/,/) is also a coordinate pair of F//K
and P = (0,0;2/,y"). Choose now « and (3 such that X + Y and X 4+ Y does not divide Init(C')
and therefore 2//y’ € Ogp and ' /2’ € Oy for all places P | P. O

Lemma 4.9 Let P := (0,0;z,y) be a point of F/K and B € P+ a place above P. If x is the
exceptional coordinate of P¥, then

1. vyp(z) = min{rp(z) | z € Mp},
2. z/x € Opy for all z € Mp.

Proof: The assertion (1) follows directly from lemma 4.1 since v(x) < vp(y). The proof of (2) is
similar to the proof of lemma 4.1 (replace Og by Opy and use y/x € Opy). O

The definition of an infinitely close point towards a place depends on the coordinates of the point.
On the contrary, the following proposition shows that the local ring of an infinitely close point
towards a place only depends on the local ring of the point P and the place .

Proposition 4.10 Let P and R be two equivalent points of F /K and B € P+ a place above them.

For all n € N we have
PSI;(") — Rm(n)

Proof: It suffices to show the proposition for an infinitely close point of order 1. Suppose that
P :=(0,0;2,y) and R := (0,0;u,v) (see remark 4.4) and vp(x) < vp(y) and vp(u) < vgp(v) (toggle
(z,y) and (u,v) if necessary). By the preceding lemma we have z/u,y/u € Opy. Since Mp = Mg,
we have vp(z) = vp(u) by lemma 4.1 and consequently vg(x/u) = 0. Therefore z/u € Opy is
invertible in Ogy. We have now y/x = (y/u)(u/x) € Opp. The ring Opyp contains x and y/z and
consequently R¥ | P¥ by proposition 4.3. O

Proposition 4.11 Let I' = (z,y) be a coordinate pair of F/K with the defining polynomial C' €
K[X,Y] such that X does not divide Init(C). Then the element y; = y/x satisfies an algebraic
equation of degree m over K|x,y| where the leading coefficient is not zero in P = (0,0;x,y). We
have therefore x™1 (Oply1]) C Op.
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Proof: [Per95] Lemma 4.5 on page 191 O

Proposition 4.12 Let P := (0,0;x,y) be a point F/K and suppose that X does not divide Init(C')
where C' is the defining polynomial of the coordinate pair (x,y). Then Oplyi] is a semi-local ring
and its mazimal ideals correspond bijectively to the points of B(P).

Proof: Let M be a maximal ideal of Op[y1]. By Proposition 2.9 we know that there is a place 3
of F such that M =P N Op[y1]. Since by Corollary 4.5. O

Proposition 4.13 Let P := (0,0;z,y) be a point F/K and suppose that y/x € Og for all places
‘B € Pi above the point P. Then

Oply]= () Oq
QEeB(P)

and therefore
2™ ) O0q| COp
QeB(P)

Proof: Since the ring Op[y] is integer it is equal to the intersection of all its localizations in its
maximal ideals (see [Mat80] lemma 2 on page 8). These localizations are exactly the local rings
OQ. O

4.3 Exceptional divisors

We define the exceptional divisor of a point of F'/K. This divisor plays an important role in the
computation of a basis of the vector space £(D) where D € Dz. We deduce from the definition of
the exceptional divisor and its properties a method for the computation of principal divisors.

Definition 4.7 (Local divisor) Let P be a point of F/K and z € F \ {0}. The local divisor of
z at the point P, denoted by (z)p, is defined by

(2)p = 3 (). (4.1)
pule
Is is clear that (z120)p = (21)p + (22)p for all 21,29 € F'\ {0} and all points P of F/K.

Definition 4.8 (Exceptional divisor) Let P be a point of F/K. The exceptional divisor of the
point P, denoted by Ep, is defined by

Ep:=> my¥P (4.2)
PP

where msg is defined by
mep := min{vp(z) | 2 € Mp}.

for all places P above P.
Lemma 4.14 Let (x,y) be a pair of exceptional coordinates of B(P). Then

(z)p = (y)p = Ep.
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Proof: By proposition 4.1 we have vg(x) or vgp(y) is min{vp(z) | 2 € Mp} and vp(z) = vp(y)
(since x/y € Ogp and y/x € Oy by the definition of an exceptional coordinate pair) for all places
B with P | P. O

Remark 4.6 If P is a simple point, then Ep =P where P is the unique place such that P = P.
The converse is also true as we will see in 4.21.

Suppose that P := (0,0;x,vy) is a singular point of F//K and let g € K[z,y|. Since any place above
P is above only one point of B(P) (see Corollary 4.4) we have

@r= Y. (9o

QeB(P)

Let G € K[X,Y] such that g = G(z,y). Let lg denote the exceptional coordinate of @ € B(P) and
set x1 :=x/y, y1 := y/z and

gle) = Gz, 1) iflg=ux
T G (ay) iflg=y

We have

mp(G
@ = > (5Dl
QEB(P)

= mp(G) D (ot Y, ¢"e.

QeB(P) QeB(P)

Since lg is an exceptional coordinate of the point @ € B(P), we have
vyp(lg) = min{vgp(z) | z € Mp}

for all places P above the point . Consequently

Ep:= ) (lQlo

QeB(P)

and

(9)p =mp(G)Ep+ Y (g

QeB(P)

Proposition 4.15 Let P := (a,b;x,y) be a point of F/K and C the defining polynomial of (x,v).
Let g € K[z,y]\ {0} and G € K[X,Y] such that g = G(z,y). If the initial form of G(X +a,Y +b)
does not have a common factor with the initial form of C(X + a,Y + b) then

(9)p = mp(G)Ep.

Proof: Let zyp :=x —a and yp :=y — b and Q € B(P). We assume without loss of generality that
Q = (0, 8;z0,y0/x0). It is clear that G¥(0,3) # 0 and therefore gl*! € 0 € Oy (equivalent to

vp(gl)) = 0) for all P | Q. O
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4.4 Intersection divisors

Let now K (C*) and K (C*) denote, respectively, the function field of a projective plane
curve C* := {C* = 0} defined over K.

Let K[C*] denote the coordinate ring of the curve C* and u, v and w the residual images of,
respectively, U, V and W in K[C*]. We call ' := (u,v,w) the homogeneous coordinate triple.
The standard coordinate pairs Ty = (u/w,v/w), T'1 = (u/v,w/v) and Ty := (v/u,w/u) are
coordinate pairs of K(C*) defined over K. The corresponding defining polynomials are, respectively,
C*(X,Y,1), C*(X,1,Y) and C*(1, X,Y).

Let P = (a:b:c) € C*. By the definition of homogeneous coordinates there exists at least
one coordinate that is not zero. Suppose that ¢ # 0. Then P, = (a/c,b/c;u/w,v/w) is a point of
F/K. If b # 0 then P, = (a/b,c/b;u/v,w/v) is also a point of K(C*) and P,y = P,;. Therefore
all points of C* can be identified with points of point of K (C*). This corresponds to the fact that
questions about a projective plane curve C* near a point P can be reduced to questions about the
affine plane curve C. Even though Op,, and Op,, are equal some computations depend on the
choice of the non-zero coordinate. We fix the following convention:

Definition 4.9 (Points of K(C*)) We associate to every point P := (a : b : ¢) € C* a point of
K(C*) defined by:
(a/e,b/c;u/w,v/w)  if e £0
P, := (a/b,0;u/v,w/v) ife=0andb#0 .
(0,0;v/u,w/u) if P=(1:0:0)
For every homogeneous polynomial F € K[U,V, W] we set

F(u,v,w)/wieC ifc#0
F':={ F(u,v,w)/vI8C ifc=0andb#0 .
F(u,v,w)/ud®e fP=(1:0:0)

We have F' € K(C*) for all P € C* and all homogeneous polynomial F € K[U,V,W]. If z
F(u,v,w)/G(u,v,w) € K(C*) for some homogeneous polynomials F,G € K[U,V,W] then z =
Fp/ép for all P € C*.

Proposition 4.16 Let C* be a projective plane curve.
1. If B e ]P’F(C*), then there exists a unique point P € C* such that P | Pk.

B | P.} is a non-empty finite set.

Proof: We show that at least one of the standard coordinate pairs is contained in Og. Assume that
u/w ¢ Og. By the definition of a valuation ring we have w/u € Og. Assume now that v/u ¢ Og
and we have u/v € Ogp. Consequently (w/u)(u/v) = w/v € Ogp. The coordinate pair (u/v,w/v) is
contained in Og. We can now use corollary 4.6. The other cases are treated similarly. The second
assertion is equivalent to corollary 4.5. O

Definition 4.10 (Local divisor) Let z € K(C*) and P € C*. The local divisor of z in the point
P, denoted by (2)p, is defined by (2)p := (2)p, .
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Definition 4.11 (Intersection divisor) Let P € C* and F € K[U,V,W]\ {0} such that C* does
not divide F. The local intersection divisor of F' in P, denoted by (F)p, is defined by

Pec*

If F(P) # 0 then F" is invertible in Op, C Og for all places P | P. Therefore the divisor (F) is
well-defined because by the Bézout theorem there exists only a finite number of points P € C* such
that F'(P) = 0 (the intersection points of the curves C* and F = {F = 0}). It is also clear that
(F)p does not depend on the choice of the non-zero homogeneous coordinate in the definition 4.9.

The following proposition shows that we can always write the principal divisor of a function as
a difference of two intersection divisors. We conclude from this that two homogeneous polynomials
of equal degree have intersection divisors of equal degree.

Proposition 4.17 (Principal divisors) Let z € K(C*) \ {0} and F,G € K[U,V,W] two homo-
geneous polynomials non-divisible by C* such that deg F' = deg G and

F(u, v, w)
G(u,v,w)’

z =

Then

Proof: Let B € Pr(c). Recall that F(u,v,w)/G(u,v,w) = FP/GP for all P € C*. We have

vp(z) = vp(F(u,v,w)/G(u,v,w))
= vp(F"/G")
= vp(F) — (@),
and

(2)p == vp(2)B = (F)p - (G)p.
BIP

The proposition follows now from the fact that a place ‘B € P& dominates a unique point of C*. O

Definition 4.12 (Transverse) Let H € K[U,V,W] be a homogeneous polynomial and P := (a :
b:c) € P2. We define

H(X,Y,1) ifc#0,
HP(X,Y):=< H(X,1,Y) ifc=0andb#0,
H(1,X,Y) otherwise
We say two homogeneous polynomials F,G € K[U,V,W] are transverse at the point P € P? if

1. F(P)=G(P) =0 and
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2. Tnit(F?) and Init(GY) do not have a common factor.

This means geometrically that the curves F := {F = 0} and G := {G = 0} have no common tangent
at the point P.

Definition 4.13 (Intersection number) Let F,G € S := K[U,V, W] be two homogeneous poly-
nomials of degree, respectively, m and n. The intersection number is a map

P2x SxS — NU{x}
(P7F7G) = IP(FaG)

satisfying the following properties

1. Ip(F,G) = oo if and only if F and G have a common factor F' such that F'(P) = 0, otherwise
IP(F, G) €N,

2. Ip(F,G) =0 if and only if PZ¢ FNG,
3. Ip(F,G) = Ip(G, F),
4. Ip(F,G) = IT(p)(FT, GT) for any projective coordinate transformation T,

5. Ip(F,G) > mp(F)mp(G) with equality occuring if and only if F and G are transverse at the
point P,

6. if F=]1F" and G =[] G}, then Ip(F,G) =3, ;risjIp(F;, Gj),

7. if deg F > deg GG, then for any homogeneous polynomial B € S with deg B = deg F' — deg G
we have Ip(F,G) = Ip(F + BG,G).

Theorem 4.18 There exists a unique map from P2 x S x S to NU {oo} satisfying the properties
of the intersection number.

Proof: [Ful69] Theorem 10 on page 75 O

Theorem 4.19 (Bézout) Let F,G € K[U,V,W] be two homogenous polynomials having no com-
mon factor. Then

Z Ip(F,G) =deg F - deg G.
PeFNG

Proof: [Ful69] page 112 O

Proposition 4.20 (Variant of the Bézout theorem) Let F' € K[U,V,W| be a homogeneous
polynomial such that C* does not divide F'. Then

deg(F)=m-n

where n and m are the degrees of C* and F.
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Proof: We assume without loss of generality that C* = U and C* # W so that
Ct:=C'n{(a:b:c)€P?|c=0} =V(C*W)

is a finite set. Let G and G’ be any homogeneous polynomials with the same degree and non-
divisible by C*. By proposition 4.17 we know that the divisor (G) — (G’) is a principal divisor and
consequently deg(G) = deg(G"). Therefore the divisors (F) and (X99") have the same degrees' and
it suffices to show the proposition for F' = U since deg(U¢) = d-deg(U). Now let z := u/w € K(C*).
Then (z) = (U) — (W). Since C% is finite we can transform the curve such that the algebraic set
V(U,C*, W) = 0 and consequently supp(U) Nsupp(W) = . We have now (x)o = (U) and
deg(U) = deg(z)o = [K(C*) : K(z)].

The coordinate pair (z,y) := (u/w,v/w) is a standard coordinate pair of K (C*) with the defining
polynomial C(X,Y) = C*(U,V,1). Therefore p(Y) := C(x,Y) € K(x)[Y] is the minimal polyno-
mial of y over K(x). Now it suffices to show that degp(Y) = n since degp(Y) = [K(C*) : K(x)] =
deg(x)o = deg(U). If this was not true, then all the monomials of C*(U, V, W) would have a degree

less n in the variable V' and consequently C*(0,1,0) = 0 which contradicts the hypothesis that
V(U,C*, W) = (. O

The following proposition is very important. It shows that an infinitely close point of sufficiently
large order is a simple point.

Proposition 4.21 Let Ep be the exceptional divisor of a point P of K(C*). Then
deg Ep = mp.

Proof: We assume that K has characteristic p > 0. If P is simple then Ep = 8 where 8 = P and
it is clear that deg Ep = mp. Now let P be singular. We assume that there exists F' € K[U,V, W]
such that

1. F(P)=0,
2. F and C* are transverse in P, and
3. for all P" € V' :=V \ {P} we have

(a) P’ is a simple point of C*, and

(b) F and C* are transverse in P’.

where V := V(F,C*). Since F and C* are transverse in all points P’ € V/ we have (F)p =
mp(F)Ep. Further, since the points P’ are simple points we have

deg(F)p/ = mp/(F) deng/ = mp/(F) = IP/(C*, F)
Let m :=deg F' and n := deg C*. By the preceding proposition we know that
m-n=deg(F) = deg(F)p+ Z deg(F)pr
Pev’

= mp(F)degEp+ Y deg(F)p
Plevl

= mp(F)degEp+ Y  Ip(C*F)
pPev’

!Note that deg(G) denotes the degree of the divisor (G) and deg G the degree of the polynomial G
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By the Bézout theorem we have

m-n = Ip(C*,F)+ Y Ip(C*,F)
PV’

= mP(F)mP(C*)—i— Z Ip/(C*7F).
pPev’

Combining these equations we obtain
mp(F) deg Ep = mp(F) . mp(c*) <~ deg Ep = mp(C*)

We must show now that there exists a polynomial F' satisfying the conditions above. Without loss
of generality we can assume that

1. P=(0:0:1),

2. C*(0,1,0) # 0,

3. Cx # 0 where C(X,Y) =C*(U,V,1), and
4. Y does not divide Init(C).

Set F, := aUP + VWP~! where o € K. For any 0 # o € K the point (0 : 1:0) is the only point

of V(F,) at infinity. We have V(F,,C*) C C*\ C% . since C*(0,1,0) # 0. Set F/, := F,(X,Y,1) =

Y 4+ aXP. Since Y does not divide Init(C), F' and C* are transverse at P.
IfQ=(a:b:1)€C*\CL is a simple point, then

Init(C(X 4+ a,Y +b)) = Cx(a,b)X + Cy(a,b)Y # 0.
For all @ = (a : b: 1) such that F,(Q) = 0 we have
nit(F. (X +a,Y + b)) = Init((Y + b) + a(X + a)?) = Init((Y + aX?)) =Y.

We conclude that if @ = (a: b: 1) € V is a simple point of C*, then F' and C* are transverse if and
only if Cx # 0. Since Cx # 0 and ged(C,Cx) =1

W:={Q=(a:b:1)€C"\CL | Ck(a,b) =0}U{Q € C*\ CL | Q is singular}

is a finite set (by the Bézout theorem and the fact that an irreducible curve has only finitely many
singular points). It is now sufficient to choose 0 # o € K such that F,,(Q) # 0 for Q € W\ {P}
which is always possible. Then every Q € V(F,,C*) \ {P} is a simple point of C* and F and C*
are transverse in Q. O

4.5 Desingularization trees

We associate to a point P of K(C*) a tree which is called desingularization tree of P (see [VT91]
on page 230) and denoted by 7p. The root of 7p is the point P and the sons of a knot of 7p are its
infinitely close points of order 1. It will be useful to include the corresponding exceptional divisor
in every knot of 7p. The tree 7p is defined recursively by
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1. if P is simple, the P corresponds to a place 3 and
Tp := [P, Ep]
where Ep := ',

2. if P is singular, then
Tp = [[P, Epl;[To | Q@ € B(P)]]

where Ep is the exceptional divisor of P.

The following proposition and theorem show that the desingularization tree of a point P of F/K
is always finite. This permits us to establish a bijective correspondence between the places P € Px
above the point P and the leaves of the tree 7p.

Let P := (0,0;z,y) be a singular point of /K and

n
C(X,Y) = [[(iX + BY)% + H(X,Y)
i=1
be the defining polynomial of the coordinate pair (x,y). The degrees of the monomials of H are

greater than m := degInit(C) = > | €;. Assume that §; # 0. Then the strict transform cll of
C with respect to z is

n
C[J»‘] (X7 Y'l) — H(az + ﬁiy)ez' 4 Xn—mH[J»‘] (X7 Y'l)
i=1
The infinitely close point Q1 := (0, —a1/B1; 2, y1) of P is equivalent to the point (0, 0; z, y1 —a1/51).
The defining polynomial of the coordinate pair (x,y1 — a1/01) is

l

[T + 8:(Y = a1/B0)% + X" HIN (X, Y1 — a1 /81)

i=1

(XY —ay/B)

l
= (BY) [Jlai+ Bi(Y — o /B)% + X" HIN(X, Y1 — on /1)
=2

We have mg, = degInit(C1*/(X,Y — a;/81)) which is clearly at most e;. Similiary, we show that
for some 3; = 0 the multiplicity of the corresponding infinitely close point is at most e;. Thus we
have shown the following theorem.

Theorem 4.22 Let P be a singular point of F/K and Q1,...,Q; be its infinitely close points of
order one. Let m; be the multiplicity of Q; fori=1,...,l. We have mp > Zizl ms.

If all singular points of the curve C* are ordinary, i.e. all e; are one, then only one blow up is
necessary for each point to find the simple points above the singular points. It is clear that
the desingularization algorithm stops in this case. The situation is more difficult when there are
non-oridinary singular points. We need the following results to show that the desingularization
algorithm stops.

Proposition 4.23 Let P be a point of K(C*) and B € Pf/f a place above the point P. For all
u € Og there exists N, € N such that u € (’)Pm(n) for n > N,.
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Proof: Set Py := P and P, := PP for i € N>g. Let I'; := (4, v;) be coordinate pairs of K(C*)
such that P; = (0,0; x;,y;) and vp(z;) < vp(y;). By lemma 4.9 we have

z/xz; € Op,, for every z € Mp,

for all € N. Let u € Og. Since the algebraic function field F is equal to the quotient field of any
local ring of a point of K(C*) we can always find f,g € Op, such that u = f/g. If g ¢ Mp,, then
u € Op, and the proof is finished. If g € Mp, then there exists a maximal n such that

In =g/ (wox1- - 70) € Op, 4

because vg(x;) > 0 and Op, € Ogp for all i € N. We must have vp(g,) = 0. Otherwise g, €
BNOp,., = Mp,,, and again by lemma 4.9 g,/x,11 € Op,,, contradicting that n is maximal.
Consequently we have g, € Op, , \Mp,,, and g, is invertible in Op, . Set f,, := f/(zox1 - xp).
Since vp(f) > vp(g) and g, € Op,,, we have f, € Op,,,. This concludes the proof as u = fng, ' €
Opn+1 . g

Theorem 4.24 Let P be a point of K(C*) and P € Pr above the point P. There exists N € N
such that PP" = B for alln > N.

Proof: By lemma 2.20 there exists v € P such that P is the unique zero of u. By the preceding
proposition there exist a [ € N such that v € Op,. Since u € PN Op, = Mp, ‘B is the unique place
above P,. Let t be a local parameter of 8. Then there exists a n > [ such that ¢ € Op, and in this
case we have Ep, = ‘P by the the definition of the exceptional divisor. Consequently P, is a simple
point since mp, = deg Ep, = 1. O

Remark 4.7 Although differently formulated the preceding theorem is a well-known classical result
of the blowing up theory (see [Per95] Proposition 5.8).

In general, we need to blow up singular points on a projective curve. We can always reduce this
to the affine case. The algorithm described above is called local blow up since we always blow up
the singular singular points independently from each other. We do not obtain a smooth curve in
this way. But we do not need a smooth model of our plane singular curve. All we need are curves
on which some of the missing places correspond to simple points. To describe this convienently we
use the notion of a point of a function field. When we blow up a singular point we do not change
the singularities of the other singular points. This is the reason why we can always work locally.
We do not obtain a chain of blow ups like in [Per95] Proposition 5.8 (global blow up).

Proposition 4.25 Let C* := {C* = 0} be a plane projective curve and S be the set of singular
points of C*. Let P € PF(C*) be a place of K(C*) and P € C* be the unique point such that B | Pi.
Then

1. P=B if P is simple,
2. otherwise there exists a unique leaf Q of Tp such that Q = P.
There is a bijective correspondence between the set
{P.,|PeC"\S}U{Q|Q is a leaf of Tp, P € S}

and the set Pg c. of places of K(C*).
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Proof: This is a consequence of the preceding theorem and the fact any place is above a unique
point of C*.

Theorem 4.26 Let C* := {C* = 0} be a plane projective curve and S the set of singular points of
C*. For all P € C* let IZp denote the set of all knots of Tp (including the point P). Let g be the
genus of K(C*) and n := deg C*. Then

gz(n_l);n_m—;z Y mq(mg —1).
PeS QeIp

Proof: [Per95] Corollaire 5.12 O

4.6 Adjoint divisors

The adjoint divisor play an essential role in the study of plane curves. It permits to characterize
canonical divisors of the function field of a plane projective curve. We deduce an important property
of the adjoint divisor which plays a crucial role in the determination of a basis of the vector space
associated to a divisor.

Definition 4.14 (Adjoint divisor of a point) Let P be a point of F/K. The adjoint divisor
Ap of the point P is defined recursively by

Ap = (mp - l)Ep + Z .AQ
QeB(P)

where mp is the multiplicity of the point P and Ep is the exceptional divisors of the point P.

Definition 4.15 (Adjoint divisor of a curve) Let C* := {C* = 0} be a projective curve and
P € C*. The adjoint divisor of the point P is the divisor

Ap = .Ap*.

The adjoint divisor of the curve C* is the divisor

AZ:ZAP

PeS

where S is the set of singular points of C*.

We have Ap > 0 for every P € C* and deg Ap = 0 if and only if P is simple. The following
proposition gives a sufficient condition that an element of F'/K is contained in a local ring of a
point.

Proposition 4.27 Let P be a point of F/K and z € F. Then

(z)p > Ap = z € Op.
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Proof: We use induction on N := deg Ap. If N = 0 then P is a simple point and (2)p = vp(2)P
where 8 = P. We have vg(2) > 0 and consequently v € Op = Op.

Let now P be a singular point and suppose that the proposition is true for all n < N. We
suppose without loss of generality that P = (0,0;x,y) and that (x,y) is an exceptional coordinate
pair of B(P). Therefore

Ep=(z)p= Y (1)

QEB(P)

and

(2)p = > (1)

QEB(P)
> Ap
= (mp—1)Ep+ Z Ag
QEB(P)
= > ((mp—1)(2)q+ Ag).
QEB(P)

Since local divisors in different points of B(P) have always disjoint supports, we have
(2)g = (mp —1)(x)g + Ag for all Q € B(Q).

This is equivalent to

( - )QZAQforeveryQG%(Q).

xmpfl
Since deg Ag < deg Ap = N for all Q € B(P) we have
z
xmp—l € ﬂ OQ
QeB(P)

by the induction hypothesis. The proposition is a consequence of the proposition 4.13 since

zea™ | (] Oq] COp.
QEB(P)

a

Proposition 4.28 Let C* := {C* = 0} be a projective plane curve and A(C*) its adjoint divisor.
Then
degA=(n—-1)(n—2)—2g

where g is the genus of the curve and n := deg C*.

Proof: This is a consequence of the proposition 4.21 and theorem 4.26. O

Remark 4.8 This formula for the degree of the adjoint divisor in function of the genus of a pro-
jective plane curve is well-know. In [Gor52] this formula is established by using the conductor of
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the local ring Op in its integral closure Op taken in the field K(C*); the conductor of Op is the
ideal of Op defined by B
(’:8}1: ={2€0p|20p C Op}

which is also an ideal of Op. We show that if

Ap = Z 1P,

i=1

then

T

¢Sr = (N (B NOp).

i=1
Moreover, we have B
¢or = {2 € Op | (2)p > Ap}.

Lemma 4.29 Let P = (0,0;z,y) be a point of F/K such that X does not divide Init(C) where C
is the defining polynomial of (z,y). Then we have

eOrlulel _ e

P

where T is the multiplcity of the point P.

Proof: We show first M’ ! C (’:gi[y/x]. Since the elements of B := {2y’ | i + j = r — 1} generate
M1 it suffices to show that B C Qgi[y/x]. Let u € Op[y/z] and 2y’ withi+j =7 — 1. Since X

does not divide Init(C) we know that 2" 'Op[y/x] C Op. We have therefore

1Yy’

rlylu =" GUE " 1Oply/x]

and by the definition of the conductor ziy’ € (’:gi lw/e]
We show now €8§ /el ¢ ML Let f € @8; W/ and suppose without loss of generality that
[ € K|z,y]. We can write now

fi=go+ gz + gz’ + ...+ gz

where g; € K[y] for i = 0,1,...,l. We show by induction that g;z° € Mrp_l for i =0,1,...,1. We
set for k:=1,2,...,1

k+1 4

fr = gra® + gpiz ot gl

and for k > [ g := 0 and f; := 0. Note that

90% =(f-1f)

SHES

=2 - pYeop.
x T

There are polynomials Hy, Ag € K[X,Y] and Gy € K[Y] such that
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Let By € K[X,Y] be such that Hy(0,0) # 0 and
GoHoY — XAy = ByC.

Since X does not divide Init(GoHpY') we have Init(GoHpY') # Init(X Ap) and consequently By # 0.
We have degInit(GoHopY') > deg Init(ByC) > r and therefore

deg Init(Go) > r — deg Init(Ho) — deg Init(Y) =r — L.
This shows gg € M};‘l. Since M}i_,_l c Qgi[y/x] we have

fi=f—goecor/,

Suppose now that g;x* € ./\/l’“P_1 for : < n — 1. We have then
— O
fn=f—(+agz+...+gp12" 1) c @Olzz[y/w]

and since f,.1/z" € Op,

n+1 n+1 n+1 n+1 n+1
nY

Yy Yy
= gt o = (fn — fn+1)xn+1 = fnxn_’_l - fn—HW € Op.

9n
€T

By reasoning as previously we find G, € K[Y] such that g, = G, (y) and deg Init(G,) > r—(n+1)
and consequently g,z"™ € /\/l}";l for n =0,1,...,0. This proves f € Mrpfl. O

Theorem 4.30 (Conductor (’Zgllj versus adjoint divisor Ap) Let Op be the integral closure
of Op in F and Ap be the adjoint divisor of P. Then we have

¢Gr ={ueF| (u)p > Ap}.

Proof: (2) : Let v € Op and u € F with (u)p > Ap. Since Op = NgypOys we have (v)p > 0 and
(uv)p > Ap. By Proposition 4.27 we have uv € Op and consequently u € @8?

(C) : We suppose without loss of generality that P = (0,0;z,y) and that X does not divide
the initial form of the defining polynomial C' of (z,y). Then Oply/x] C @p and consequently
(’Zgi C (’Zgi[y/x]. By the preceding lemma we have (’lgg C MG Tfue (’Zgi and v € Op then
u € Myt and also uwv € M5!, Therefore u/a"~! € Oply/z] and (u/z"')v € Oply/z] and

consequently

U Op
W= o1 € Coppy/a

To conclude the proof it suffices to show that

(wp> > Ag=Ap—(r—1)Ep
QeB(P)

since then (u)p = (2" 1)p = (r — 1)Ep + (w)p > Ap. We show this inequality by induction on
n :=deg Ap. If n = 0 then the point P is simple and the inequality is trivial. Suppose that n > 0.
The induction hypothesis is that the theorem is true for all degrees smaller than n. Since the point
P is singular we have deg Ag < deg Ap for any @ € B(P) and by using the induction hypothesis
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it suffices to show that w € ng. This is clear if P has only one infinitely close point since then

Oply/z] is a local ring and consequently Og = Oply/z] and Og = Op. We suppose now that
#B(P) > 2 and let Q € B(P). Set

= I C-te)
Q'eB(P)\{Q}

The element z € Og in such a way that
271 € Og and z € My for all Q' € B(P) \ {Q}.

Let v € Og. By the constuction of z there exist a sufficiently large integer n such that (vz") > A
for all Q' € B(P) \ {Q} and consequently

vz™ € 6@ N ﬂ Og | € Op.
Q' eB(PI\{Q}
Recall that w € (’Zgi /2] and consequerltly wvz™ € Oply/x] C Og. Since z is invertible in Og we
have wv € Og and consequently w € (’lgg and by the induction hypothesis (w)g > Ag. Repeating
the construction for all ) € B(P) we obtain

wr= > We= Y, A
)

QeB(P) QeB(P
See also [Mnu97]. O

Proposition 4.31 (Canonical divisor) Let C* := {C* = 0} be a projective plane curve and A
its adjoint divisor. If G is a homogeneous polynomial such that deg G = deg C* — 3 and (G) > A
then

K:=(G)—-A

is a canonical divisor of the function field K(C*).
Proof: [Gor52] Theorem 9. O

Definition 4.16 (Noether condition) Let C* := {C* = 0} be a projective plane curve. Let
F,G € K[U,V,W] be two homogeneous polynomials such that C* does not divide G. We say the
pair (F,G) satisfies the Noether condition in the point P € C* if

F'/G" e op.

Theorem 4.32 (Max Noether’s Fundamental Theorem) Let C* := {C* = 0} a projective
plane curve. Let F,G € K[U,V,W] be two homogeneous polynomials such that C* does not divide
G. Then the following conditions are equivalent:

1. there exist two homogeneous polynomials A, B € K[U,V, W] such that deg A+deg G = deg B+
deg C* = deg F' and
F = AG + BC*.
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2. the pair (F,G) satisfies the Noether condition in all points of C*.

Proof: See [Ful69] on page 120. O

Theorgn 4.33 Let C* := {C* = 0} be a projective plane curve, A be its adjoint divisor and
F,G € K[U,V,W| be two homogeneous polynomials such that C* does not divide G. If

(F) > A+ (G),

then there exist two homogeneous polynomials A, B € K[U,V, W] such that deg A+deg G = deg B+
deg C* = deg F' and
F = AG + BC*.

Proof: If (F) > A+ (G), then (F)p > Ap + (G)p and consequently we have (Fp/ép)p =
(F)p—(G)p > Ap for all P € C*. The theorem is now a consequence of proposition 4.27 and Max
Noether’s Fundamental theorem. |

Theorem 4.34 Let C* := {C* = 0} be a projective plane curve and A be its adjoint divisor.
Let D and D' be two divisors of K(C*) such that D = D' and suppose that D’ is positive. If
G € K[U,V,W] is a homogeneous polynomial such that

(G)=D+A+R

for some positive divisor R, then there exists a homogeneous polynomial G' € K[U,V, W] such that
deg G’ = deg G and
(GY=D'+A+R.

Proof: Since D = D’ there exists z € K(C*) such that
D= (z2)+D.
Let H, H' € K[U,V,W] be two homogeneous polynomials such that (z) = (H) — (H'). We have

)+(G)
H)Y+D+A+R

(H
(
= (H)+(2)+D'+A+R
(H)+ D'+ A+R.

(H'G) =

Since the divisors (H), D', A and R are positive we have
(H'G) > A+ (H).

By the preceding theorem there exist two homogeneous polynomials G’, B € K[U,V, W] such that
deg G’ + deg H = deg B + deg C* = deg H'G and

H'G=G'H + BC*
We have (H'G) = (G'H) and consequently (G') = (H'G) — (H) =D’ + A+ R. ]

We can derive from the following theorem an algorithm which computes a basis of the vector space
associated to a divisor of the function field of a plane curve.
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Theorem 4.35 Let C* := {C* = 0} be a projective plane curve, A be its adjoint divisor and D be
a diwisor of K(C*). Let Gy € Sg such that C* does not divide Gy and

(Go) > D+ A.

Then
L(D):={G/Go | G € Sy non-divisible by C* and (G) > (Go) — D} U {0}

where G and G are the residual images of, respectively, G and Gy in K[C*] and Sq C K[U,V, W]
1s the set of homogeneous polynomials of degree d.

Proof: (D) : Let G € K[U,V, W] be a homogeneous polynomial such that deg G = deg Gy, C* does
not divide G and (G) > (Gg) — D. Set z := G/Ggy. Then

(2) + D =(G) = (Go) + D =0

so that z € £(D).
(C) : Let z € L(D) \ {0}. Then D’ := D + (z) > 0 by the definition of £(D). Since D' = D
and (Gp) > D + A we can apply the preceding theorem with R := (Gp) — (D + .A) > 0 to find a
G' € K[U,V,W] such that deg G’ = deg G and
(G')=D'+A+R.
We have
(G") = (Go) = D' — D = (2).

Let 2/ :== G/Gy. Then (2/2') = 0. Since only the constants have no zeros and no poles « := z/2’ €
K and consequently
z=az = aG' /Gy

which proves that z can be written in the above form. O

Let us remark that the theorem also applies to a divisor D which is not positive. It is clear that
(Go) > A+ D = (Gy) > (A+ D).

The following algorithm is called Brill-Noether algorithm and uses exactly the preceding theorem
to compute a basis of the vector space associated to a divisor of the function field of a plane curve.

Algorithm 1 Brill-Noether

e Input: A divisor of the function field K (C*) where C* is a projective curve.
e Output: A basis of the vector space L(D).

1: Set B := D + A where A is the adjoint divisor of the curve C*.

2: Let d € N be sufficiently big so that there exists a homogeneous polynomial G € S; which is
not divisible by C* such that (G) > B where B, is the positive part of B.

3: Compute a basis {G1, G, ...,Gs} of the K-vector space

V:={G e S, | C divides G or (G) > B4} U{0}.
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4: If d > deg C*, then it is necessary to reduce the basis {G1,Ga,...,Gs} modulo the vector space
W :={Ae€ Sq|C" divides A}.

It suffices to choose a basis {A1, Ag,..., Ax} of W with 4; € Sy (1 = 1,2,...,k) and to
supplement this basis to a basis

{A1, Agy .. Ay, G, G, Gl

of the vector space V. Now the vector space V' C S;U{0} spanned by the elements {G/, G5, ..., G}
is such that V' \ {0} is exactly the set of all homogeneous polynomials of degree d and non-
divisible by C* such that (G) > B..

5. Choose Gy € V' and compute the intersection divisor (Gy).

6: Determine like in the two preceding steps a basis {G1,Gs,..., Gk} of the vector space V" C
SqU{0} such that V"\{0} is the set of all homogeneous polynomials of degree d and non-divisible
by C* such that (G) > (Go) — D.

7: Set G; := G; + (C*) € K[C*] for i :== 0,1,...,k and return

{G;/Go|i=1,2,...,k}
which is a basis of £(D).
Let us summarize what we need to know in order to apply the Brill-Noether algorithm:
1. Compute the adjoint divisor of a projective plane curve C* := {C* = 0}.
2. For a divisor B and an integer d compute a basis of the subspace V' of Sy U {0} where

V:={G e S, | C* divides G or (G) > B} U{0}.

3. For a homogeneous polynomial G € Sy \ {0} compute the intersection divisor G with C*.

4.7 Interpolating forms

Definition 4.17 (Interpolating form) LetC* := {C* = 0} be a projective curve and B a divisor
of K(C*). An interpolating form for the divisor B is a homogeneous polynomial G € K[U,V, W]
such that one of the following properties is satisfied:

1. C* divides G.
2. (G) > B if C* does not divide G.

We will use the JB-adic power series expansion (see section IV.2.2. in [Sti93]) to compute the
interpolating forms. Let us summerize the facts we need.

A valued field (L,v) is a field L equipped with a discrete valuation v. We say a sequence (Sp)n>0
in L is convergent if there exists an element s € L (called the limit of the sequence) which satisfies:
for any ¢ € R there exists an index N, € N such that v(s — s,) > ¢ whenever n > N.. The limit is
unique and we write s = lim,, .o Sp.

A sequence (sp)n>0 is called a Cauchy sequence if it has the following property: for any ¢ € R
there exists an index N, € N such that v(s, — $;,) > ¢ whenever n,m > N.. Any convergent
sequence is a Cauchy sequence. In general, it is not true that all Cauchy sequences are convergent.
Hence we have the following notions.
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Definition 4.18 (Completion) Let (L,v) be a valued field.
1. (L,v) is said to be complete, if any Cauchy sequence in L is convergent.
2. A completion of (L,v) is a valued field (IAJ, V) with the following properties

(a) L C L and v is the restriction of ¥ to L.
(b) (L,0) is complete.

(c) L is dense in L, ie. forany s € L there exists a sequence (sp)n>0 in L with limy,_,o sy, =
s.

Proposition 4.36 For any valued field (L,v) there exists a completion (ﬁ, v). It is unique in the
following sense: if (L,v) is another completion of (L, V) then there exists an isomorphism f : L — L
such that v =vDo f.

Proof: [Sti93] IV.2.3 Proposition O

Definition 4.19 (3-adic completion) Let B be a place of the function field F/K. The comple-
tion with respect to the valuation vy is called the *B-adic completion of F'. We denote the completion
by Fip and the valuation of Fyp by Dyp.

Theorem 4.37 (‘B-adic power series expansion) Let P € Pr be a place of degree one and t
be a local parameter of B. Then any element z € Fip has a unique representation of the form

o .
z(t) :== Z cit!
i=n

with n € Z and ¢; € K. This representation is called the P-adic power series expansion of z with
respect to t.
On the other hand, if (¢;)i>n is a sequence in K, then the series Y .o cit’ converges in Fp, and

we have
U <Z citi> = ord (Z citi>

i=n i=n

where ord (32, ¢;it") = min{i | ¢; # 0}.
Proof: [Sti93] IV.2.6. Theorem O

Remark 4.9 (Computation of the J3-adic power series expansion) Let‘P be a place of F/K
of degree one and t be a local parameter of B. We show how to compute the P-adic power series
expansion of z € Fs;p with respect to t. Since degPB = 1 we can identify the residue class field Fyp
with K.

Let ny := Dsp(2). There exists an element y € F with Dsp(z —y) > ny (since F is dense in F‘B)
By the Triangle Inequality it follows that vp(y) > ny, hence y = uit™ for some uy € (92%. Then
ci == ui1(P) € K\ {0} and vp(ug —c1) > 0. We have

z=cit" + (up — e )t" + (z — urt"™) = 1 t" + (ug — )t + (2 — y).
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Set z1 = (u1 — c1)t" + (2 —y). We have now

{ z = catM 4z
ng = 1933(2’1)>77,1.

In the same manner, we find ay € K \ {0} and 2 € Fqg such that

{ z = c1t"™ + cot™? + 29
ng = Dp(z2) > no.

Iterating this construction, we obtain a representation of z in the form z = > 72, a;t™. By the
preceding theorem we know that the representation is unique and therefore z = Y 2, a;jt™ is the
P-adic power series expansion of z with respect to t.

Moreover, using properties of convergence we can easily show that for all x,y € ]3’33 we have
(x+y)(t) =x(t) + y(t) and zy(t) = x(t)y(t) where the addition and multiplication are those of the

Laurent series field
K((t)) = {Zciti |n€Z,ce K} .

=n

Consequently Fqg is isomorphic to the field K((t)).

Definition 4.20 (Local parameterization) Let C* := {C* = 0} be a projective plane curve, P
a place of K(C*) and P = (a : b: c) € C* the unique point with B | Py. Let t be a local parameter of
P and I' := (x,y) be one of the three standard coordinate pairs such that P, € Z(I'). We associate
to the place P its local parameterization [B| which is defined by

[(2),y(t),1] if ¢ #0,
[B] =< [z(t),1,y(t)] ifc=0 andb#0,
[1,z(t),y(t)] otherwise.

Note that the definition of [] is in accordance with the definition of P.. Further we associate to
a homogeneous polynomial G € K[U,V, W] its local parameterization in 3, denoted by G[B]. It is
defined by

G[‘ﬂp] = G(S(), S1, 82)

where [P| = [so, 51, S2] is the local parameterization of the place B.

We assume that ¢ # 0. Then by definition sg, s1 and so are the P-adic power series expansions of,
respectively, u/w, v/w and w/w = 1. Let G € K[U,V, W] be a homogeneous polynomial, g := a"
and ¢(t) € K((t)) be the P-adic power series expansion of g with respect to t. We have

o(t) = 2 (1) = G w,vfw, 1)(0) = Glso,51,52) = G

By the theorem 4.37 we have
vp(g) = ord(G[])
and since g € Og we have vp(g) > 0. Therefore we can write

[e.e]

G = Y eit' € K(1)).

1=0
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For n € N we define the truncated power series
G[‘B](n) = (007 Cly. - 707’1—1) S F’n

and the map

N ) Sg U {0} — K"
nP - el — G (n)
It is clear that W, is a K-linear map and that its kernel is
ker U,y = {G € Sq|ord(G[B]) >n}uU{0}
= {G e8| vp(G") = n}u{o}.
We fix a basis {H1, Ha, ..., H;}? of the vector space Sy U {0} and set
Uop(Hj) = (€¢5,0,Cj15 -+ 5 Cj(n-1))

for j =0,1,...,[. Consider the matrix

€10 €11 ... Ci(n-1)
€20 €1 ... C2(pn-1)
d L k) ’ b
Mnp]@ = . . .
o €1 .-+ C(n-1)

It is clear that l
Vg (Z oziHP> > n < [y, 0, ..., qMnP)D = o.
=1
To find a basis of the vector space of interpolating forms of degree d for a positive divisor

B :=nP1 +n2Po + ... + np Py
it suffices to calculate the left kernel of the matrix
MIB]D = M PB1] D | M[naPB2] D | ... | M) )]

since l l
(Z a;H;) > B or C* divides Z%Hz' — [, 0, ... ,al]M[B](d) = 0.
i=1 =1
It is clear that d must be sufficiently large if we want to find G € Sy with (G) > B and C* does
not divide G.

Broposition 4.38 Let C* := {C* = 0} be a projective plane curve and B a positive divisor of
K(C*). If d € N is such that

n degB 3
d —-1,= — =
> max{n 5t . 2},

where n = deg C* then there ezists G € Sq such that C* does not divide G and (G) > B.

Proof : [Hac96], Corollaire 2.7.6 O

*We can take all the monomials of degree d. There are exactly [ = (d 4 1)(d + 2)/2 of them.
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4.8 The Brill-Noether algorithm over a finite field

In this section we fix K := F,. Let C* := {C*} be a projective plane curve defined over K and
F and F denote, respectively, the function fields K (C*) and K(C*) of C*. We show how to use
the Brill-Noether-Algorithm to compute a basis of £(D) where D is a divisor of F. To do that we
study the properties of extensions F’ with FF C F' C F.

4.8.1 Algebraic extensions of function fields

Any function field over K can be regarded as a finite extension of a rational function field K(x).
This is one of the reasons why it is of interest to investigate field extensions F’/F of algebraic
function fields.

In this section, we shall describe the relationship between places, divisors and the gen-
era of F/'/K' and F/K where F/ = K'F is a constant field extension. The study of
constant field extensions reduces many problems to the case where the constant field is
algebraically closed (which is often simpler because all places have degree one). This
permits us to use the Brill-Noether algorithm for the construction of geometric Goppa
codes over finite fields even though the algorithm is defined only for algebraically closed
fields.

F/K denotes an algebraic function field of one variable with the full constant field K. We consider
function fields F'/K' (where K’ is the full constant field of F’) such that F’ O F is an algebraic
extension and K’ O K. We consider only extensions F’ O F with F’ C F.

Definition 4.21 (Algebraic, finite and constant field extensions) An algebraic function field
F'/K' is called an algebraic extension (finite extension) of F/K if F' O F is an algebraic field
extension (finite field extension) and K' O K. The algebraic extension F'/K' of F/K is called a
constant field extension if F' = FK’, the composite field of F and K’'.

A place B’ € Ppr is said to lie over B € Pr if P CP'. We also say that P’ is an extension of
B, and we write P’ | P.

Proposition 4.39 Let F'/K' be an algebraic extension of F/K. Then the following assertions are
equivalent:

1. " | B.
2. ng - Oqg/.
3. There exists an integer e > 1 such that vy (x) = e - vp(x) for all v € F.

Proof: [Sti93], II1.1.4 Proposition O

Definition 4.22 Let F'/K' be an algebraic extension of F/K, and let B’ € Ppr be a place of F' /K’
lying over P € Pp.

1. The integer e(*P' | P) := e with
v (x) = e-vp(x) for any v € F

is called the ramification index of P’ over P. We say that P’ | P is ramified if e(P' | P) > 1,
and P’ | P is unramified if e(P | P') = 1.
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2. f(P'|B) := [Fyy : Fyp] is called the relative degree of PB" over B.

Note that f(P' | B) can be finite or infinite; the ramification index, however, is always a natural
number.

Proposition 4.40 Let F'/K' be an algebraic extension of F/K.
1. For any place P’ € P there is exactly one place P € Pr such that P’ | B, namely P = P'NF.
2. Conversely, any place P € Pp: has at least one, but finitely many, extensions P’ € Ppr.
Proof: [Sti93], II1.1.7 Proposition O
Theorem 4.41 Let F'/K' be a finite extension of F/K. For every place B € Pr we have
D (B B | P)=[F: Fl.
RRY
Proof: [Sti93], III.1.11 Theorem O

Definition 4.23 (Conorm) Let F'/K' be an algebraic extension of F/K. For a place P € Py we
define its conorm (with respect to F'/K') by

Conpryp(P) =Y (B | PP
PP

where the sum runs over all places W' € Prr lying over PB. The conorm map is extended to a
homomorphism from Dp to Dpr by setting

Congr)p (Z an,B) = anpCOnF//F(&B).

4.8.2 Constant field extensions

We are especially interested in constant field extensions. The following theorem gives in a nutshell
the most important properties of constant field extensions.

Theorem 4.42 Let F/K be a function field, K C K' C K an algebraic extension of K and
F'=FK'.

1. K' is the full constant field of F'/K'.
F'/F is unramified (i.e. e(P' | P) =1 for all P € Pr and all P' € Prr with P' | B ).
F'/K' has the same genus as F/K.

e

W is a canonical divisor of F'/K if and only if and only if Cong: p(W) is a canonical divisor
of F'/K'.

5. Let D € Df and set D' := Conp//p(D). Then
deg D' = deg D

and
dim D’ = dim D.

Moreover,
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(a) a basis of the K-vector space L(D) is a basis of the K'-vector space L(D'), and

(b) a basis of the K'-vector space L(D') containing only elements of F is a basis of the
K -vector space L(D).

Proof: [Sti93], proposition II1.6.1 and theorem I11.6.3 O

We compute a basis of the vector space L(D) where D € Dp is a divisor of F' by applying the
Brill-Noether algorithm to the divisor D := Cong / D and making sure that the basis contains only
elements of K (C*). Consider the Frobenius map

{ K — K

o

a — o

Let f € K[C*] be a form and F € K[U,V, W] a homogeneous polynomial with f := F + (C*). We

set
f7 = F7 +(C)

where o acts on the coefficients of F. Since C* € K[U,V,W] it is clear that f7 = 0 if and only if
f =0. We can therefore extend o to the field F in the following way:

U'{F - F
L flg = f7)97

It is easy to show that for any z € F we have z € F <= 0(z) = 2, i.e. the automorphism o fixes
the field F.
The following definition is classic.

Definition 4.24 Let E be a set to which the map o is extended. We say a € E is o-conjugated
to b € E if there exists i € N with 0(a) = b. We call the set

Orbya :={o(a) | i € N}
the o-orbit of a.

Remark 4.10 We show that o can be extended to points P, local rings Op, places B and divisors
D of F/K, points of C*, desingularization trees Tp and powers series expansions z(t). A o-orbit
can always be reconstructed from one element by applying o. In the following we always choose an
element to represent the o-orbit.

Proposition 4.43 Let K, := Fy and consider the constant field extension F, := FK,. If ‘B is
any place of F' of degree m, then there exist d = ged(m,r) pairwise distinct places B, P5, ..., B
of F,. above P. These places are of degree m/d and mutually conjugated by the automorphism o.

Proof: [Sti93], lemma V.1.9 O
Proposition 4.44 Let Q € ]P’f/f.

1. vg o o is a discrete valuation of F/K.

2. Q7 :=o(B) is a place of F/K, 0(Og) = Ogs and vg o 0 = vgo.
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3. Let P :=ONF and r :=deg’PB. Then Q%" = Q and

ConF/F‘B: Z Q.

Q'e0rb,Q

Proof: The assertions (1) and (2) follow directly from the fact that o is an automorphism of the
field F such that o(«) = « for all « € K. The assertion (3) follows from the preceding proposition.
O

Remark 4.11 By the preceding proposition it suffices to consider only one place in the support of
Conf/F‘B since we can always determine the other places by the action of 0. The same argument

is also valid for a divisor D = n1PB1 + naPa + ... + niPr of the function field F/K ; in this case it
suffices to consider only one place of supp ConF/F‘,ﬁi for each place P; € suppD.

Recall that the Brill-Noether algorithm uses the adjoint divisor of the curve C* and intersection
divisors of homogeneous polynomials with the curve. If we want to take advantage of the preceding
remark we must know if these divisors are the conorms of some divisors of the function field F'/K.
We introduce the following definition which facilitates the treatment of this question.

Definition 4.25 Let o be the Frobenius map extended to the field F.

1. Let D :=>"ngQ be a divisor of F/K. We call the divisor

D = Z ngQ’
the conjugated divisor of D by 0. We say D is K-rational if D = D°.
2. Let P := (a,b;z,y) be a point of F/K. We call
P? = (o(a),0(b);o(x), o(y))
the conjugated point of P by o.

3. Let Tp be the desingularization tree of the point P. The conjugated tree of Tp by o is the
tree defined recursively by

(a) TS :=[P°,E%] if P is a leaf.
(b) Tg = [P7 {15 | Q € B(P)}] otherwise.

Lemma 4.45 Let E be a divisor of F/K. Then there exists a divisor D of F/K such that
Conf/?D = F if and only if E is K-rational. There is a bijective correspondence between the

divisors of F/K and the K -rational divisors of F /K.

Proof: This is a consequence of the proposition 4.44. O

The following lemma and its corollary are easily proved.

Lemma 4.46 Let P be a point of /K, B be a place of F/K, Tp be a desingularization tree and
z€eF.
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1. P is a point of F/K.
2. P | P if and only if P | P°.
3. TG = Tpo.
4 ()%= (0(2)pe forueT.
Corollary 4.47 Let C* := {C* = 0} be a projective curve defined over K.

1. P:=(a:b:c) €C" if and only if P := (0o(a),o(b),o(c)) € C*. P is singular if and only if
P? is singular. Moreover, we have o(Op) = Opo for all P € C*.

2. The adjoint divisor A of the curve C* is K-rational.

3. The intersection divisor (G) of a homogeneous polynomial G € K[U,V,W| and the curve C*
is K -rational.

4.8.3 Computation of a basis of L(D)

We show how to use the Brill-Noether algorithm to compute a basis of £(D) where D is a divisor
of F/K. We fix a set ® C P defined by

1. for all places f € Pr choose a unique place Q € supp Cong /F&B. This place is called the
distinguished place and denoted by ‘:]\3 = Q.

2. we fix the set D := { | P € Pr}.

Note that there is a bijective correspondence between the places B of F'/K and the distinguished
places T € ©. We can extend this bijective correspondence to divisors by associating to every
divisor D := qicp, ngpP of F//K the divisor

ﬁ = Z ngp{f;

PePR

which is called the distinguished divisor of D. Let F := ZQEPF ngoQ is a K-rational divisor of
F/K. We associate to E the divisor
FE = Z ngoQ

e®

which we call the distinguished divisor of E. We know that E is the distinguished divisor D of
some divisor D of F/K.

Let D € Dg/ be a divisor of F/K, D= CODF/FD € DF/F be the conorm of D and A € DF/F
be the adjoint divisor of the curve C*.

The Brill-Noether algorithm uses the divisors D + A, (Gp) and (Gg) — D where Gy is a homoge-
neous polynomial such that (Gg) > D + A to calculate a basis of £(D). We know that the divisor
D is K-rational and so is the divisor D + A since the adjoint divisor A is K-rational. Therefore the
intersection divisor (Gp) such that (Go) > D +.A can be K-rational. In this case we can choose the
homogeneous polynomial Gy € K[U,V,W]. The intersection divisors (G;) with (G;) > (Go) — D
for i =1,...,dimg £(D) can also be K-rational. It suffices to consider only distinguished divisors
and to apply the Frobenius map only when necessary.
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The following is very important. Let Q € Dp /i be a distinguished place (Q €9) and
r := |Orb,(Q)|. By the proposition 4.44 we know that the place p := QN F of F/K
is of degree r. Further by the proposition 4.43 we know that the place B’ = Q N F,. of
F,/K, (F, := K, where K, := Fyr) is of degree one, r = |Orb,(P’)| and P'” = Q7N F,.
Therefore it always suffices to consider finite extensions of K. By a distinguished place
‘j\3 we mean in the following always a place P’ of the minimal finite extension F, /K, of
F/K such that degP’ = 1 and B = P’ N F. This can be generalized to points, their
local rings and divisors of function fields, points of C*, powers series expansions, blow
up and desingularization trees. In the next chapter we will see how to make sure that
the extensions are minimal.

The algorithm on the next page is a version of the Brill-Noether algorithm adapted for this situation.

Algorithm 2 Brill-Noether over a finite field

N

11:
12:
13:
14:
15:

16:

17:

e Input: The distinguished divisor D of a divisor D of the function field K (C*) of a plane
projective curve C* defined over K.

e Output: A basis of the vector space L(D).

. Let A be the distinguished adjoint divisor of the curve C*. Set B := D+ A and

By =n1+Q1+n2Qs+ ... +n.Q
the effective part of B where Q; € ® and Q; # Q; if i # j.

: Let d € N be sufficiently big so that there exists a homogeneous polynomial G € S;(K) which

is not divisible by C* such that (G) > B.

: Fix {H1, Ho, ..., H;} a basis of Sy(K) U {0}.
. Determine for each place Q; € suppB, the matrix M; := M[n;Q;]® in dependence on the
fixed basis.
: For each matrix M, construct the matrix M/ by the following algorithm:
: Let ¢1,¢o,...,cm be the m columns of the matrix M;.
: for j =1 tom do
c:=cj
while ¢; # ¢” do
c:=c
attach the column ¢ to the matrix M/
end while
end for

The vector space spanned by the columns of the matrix M/ is invariant under the action of o.

Note: if s € N such that Q‘i’s then the attachment of the columns corresponds to the attachment

of linear conditions imposed by the places Q;’k fork=2,3,...,s— 1.

Compute Mi(e) the column echelon form of each matrix M/. Then the coefficients of all the
(e)

matrices M, are in K.

Compute a basis {b1, ba,...,bs} of the left kernel of the matrix

(M | M| M),
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We have
bi = (Oéiyl, Oél',g, e ,Oéu)

where [ = dimg (Sg(K) U {0}) = (d + 1)(d + 2)/2. Let

l
GZ' = Zal"jH]’, k= 1,2,...,8.
Jj=1

18: If d > deg C*, then it is necessary to reduce the basis {G1, G2, ..., Gs} modulo the vector space
W:={Ae€ S;|C* divides A}.

It suffices to choose a basis {A1, Ag,..., Ax} of W with A; € Sy(K) (i = 1,2,...,k) and to
supplement this basis to a basis

{A1, Ag, .. Ay, G, GY, L Gl

of the vector space V. Now the vector space V' C S;U{0} spanned by the elements {G', G5, ..., G}
is such that V' \ {0} is exactly the set of all homogeneous polynomials of degree d and non-
divisible by C* such that (/G\) > By.

19: Choose G € V' and compute the intersection divisor (EE)

20: Determine like in the two preceding steps a basis {G1,Ga, ..., Gy} of the vector space V' C
SqU{0} such that V”\{0} is the set of all homogeneous polynomials of degree d and non-divisible
by C* such that (/C-J\) > (6;) —D.

21: Set G; := G; + (C) € K[C*] for i :==0,1,...,k and return
{Gi/Go|i=1,2,...,k}
which is a basis of £(D).

Remark 4.12 Consider the matrices M; and let K; be minimal extension of K containing all the
coefficients of M;. A priori all computations with the matrices M; are carried out in the minimal
extension K' of K such that K' O K for all i. But since all the computations with the matriz
M; can be carried out independently from the computations with the matrices M; for i # j it is
advantageous to carry out the computations with each matriz M; in the field K;. We can do it since
we always work with minimal extensions.
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Chapter 5

Algorithms

5.1 Algebraic sets
Let I ¢ K[X,Y] be an ideal such that its algebraic set V(I) is finite. Consider the set
Vx(I) :={a € K | there exists b such that (a,b) € V(I)}

and set

a€Vx (1)

By Hilbert’s Nullstellensatz there exists n € N such that ¢ := p™ € I. We have
a € K is a root of ¢ <= there exists b € K such that (a,b) € V(I).

We use this in the following algorithm to compute V(I):

Algorithm algebraicSet({Gy,...,G,})

e Input: A generator set {G1,...,G,} C K[X,Y] of an ideal I.

e Output: The algebraic set V(I) if it is finite. Otherwise the algorithms stops with an error
message.

V=0
: If 1 € I, then return ()
A:=K[X|NI. If A=, then V(I) is not finite and we return an error message.
: choose ¢ € A and compute the roots a1, ..., q; of q.
fori=1,...,ldo
Set Hj := Gj(y,Y) for j=1,...,r. If Hy = ... = H; =0, then V([) is not finite and we
return an error message.
q;(Y) :=gced{Hy,...,H}
V=V U{(a;, )| B 1is aroot of ¢}
9: end for
10: return V

AU S

57
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Remark 5.1 Let I be the ideal considered in preceding algorithm. We compute a Grobner basis B
of the ideal I with the lexicographical order X <Y . We have

1. 1e Bifand only if 1 € I, and

2. if q is the generator of the principal ideal A := K[X]|N I, then {q} = BN K[X].

The following algorithm computes the intersection of the projective plane curve C* := {C* = 0} and
an algebraic set V(J) where the homogeneous ideal J C K[U,V, W] is generated by {G1,...,G}.

Algorithm projectiveAlgebraicSet({Gy,...,G,})

e Input: A generator set {G1,...,G,} C S(K) of a homogeneous ideal J C K[U,V,W].

e Output: The algebraic set V(J) if it is finite. Otherwise the algorithms stops with an error
message.

we compute the points of the form P = (a:b:1)

Vi={(a:b:1)| (a,b) € algebraicSet(G1(X,Y,1),...,G-(X,Y,1))}

we compute the points of the form P = (a:1:0)

Set g; := G4(X,1,0) fori=1,...,r. If gy =... =g, = 0, then V(J) is not finite and we return
an error message.

5. p:=ged(C*(X,1,0),91,.--,9r)

6: V:=VU{(a:1:0)]aisaroot of ¢}

7. If G1(1,0,0) = ... = G»(1,0,0), then V:=V U{(1:0:0)}
8 return V

We could use the preceding algorithm to compute the singular points of the projective plane curve
C* := {C* = 0}; it suffices to apply it to the polynomials Cf;, C}, and C}j, (the derivatives of C* with
respect to the variables U,V and W). Notice that it is not necessary to consider the polynomial Cyj,
to determine the singular points of the form (a : b : 1), to consider the polynomial C5, to determine
singular points of the form (a : 1 : 0) and to consider Cy to determine if (1 : 0 : 0) is a singular
point since we can reduce the question to the affine case. Therefore it is more advantageous to use
the following algorithm:

Algorithm singularPoints(C*)

e Input: A homogeneous polynomial C* € K[U,V, W].
e Output: the singular points of the curve C* := {C* = 0}.
. Cf == 0C"/oU, Cy, == 0C* oV, Cy, := 0C* /oW

: we compute the singular points of the form P = (a:b:1)

: Vi={(a:b:1)] (a,b) € algebraicSet(C*(X,Y,1),CH(X,Y,1),Cy)(X,Y, 1)}

: we compute the singular points of the form P = (a:1:0)

If C*(X,1,0) = Cj(X,1,0) = Cy,(X,Y, 1) = 0, then stop with an error message since in this
case there are infinitely many singular points

Cp = ged(C*(X,1,0),C5 (X, 1,0), Ciy (X, Y, 1))

: V=V U{(a:1:0)]aisaroot of p}

T = W N

~N O
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8:
9:
10:

we check if P = (1:0:0) is a singular point
If C*(1,0,0) = C%(1,0,0) = C¥,(1,0,0) = 0, then V := VU {(1:0:0)}

return V

It is also easy to compute the points of C* := {C* = 0} of degree r:

Algorithm points0fDegree(C*,r)

_
o

e Input: A homogeneous polynomial C* € K[U,V, W] and a positive integer r.

e Output: The points the curve C* := {C* = 0} of degree 7.

q:=#K
px =X7 — X
py :=Y? —Y

: we compute the points of the form P = (a:b:1)
:Vi={(a:b:1)]| (a,b) € algebraicSet(C*(X,Y,1),px,py)}
: we compute the points of the form P = (a:1:0)

: pi=ged(C*(X,1,0),px)

V=V U{(a:1:0)|aisaroot of p}

: If C*(1,0,0) =0, then V.=V U{(1:0:0)}

: return V

5.2 Blowing up

It is not necessary to consider the coordinate pair (x,y) when computing the infinitely close points
of order one of a point P := (a,b;x,y) of F/K. We represent the point P by [(a, 3), C] where C
is the defining polynomial of (z,y).

Algorithm blowUp([(a,b),C])

5:

AW N =

e Input: A representation of a point P := (a,b;z,y) of F/K.
e Output: P with multiplicity and B(P).

Co(X,Y) == C(X +a,Y +b)

m := deg Init(Cp)

If m = 1, then return([P, 0])

q :=Init(Cp)(1, Z). Compute V := {a | a is a root of ¢} and set

B(P) := {[(0,5),C] | Be VY.

If Init(Cy)(0,1) = 0, then B(P) := B(P) U {[(0,0),C¥]}

5.3 Desingularisation tree

It is easy to construct the desingularisation tree of a point by using the procedure blowUp.
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Algorithm desingTreeOfPoint

desingTree0fPoint := proc(infClsPt)

begin
B := blowUp(infClsPt);
infClsPtWithMult := B[1];

if B[2] = [] then
# simple point #
return(createTree (infClsPtWithMult, []));
else
return(createTree(infClsPtWithMult, map(B[2], desingTreeOfPoint)));
end_if;
end_proc;

To compute the desingularisation trees of all singular points of a curve we have the following

Algorithm desingTrees

desingTrees := proc()

begin
List0fSingPts := singularPoints();
List0fSingInfClsPts := map(List0fSingPts, createInfClsPointFromProjPoint);
ListOfDesingTrees = map(List0fSingInfClsPts, desingTree0fPoint);
ListOfDesingTrees = map(List0fDesingTrees, TreeWithExceDiv);

end_proc;

5.4 Valuations and ‘B-adic power series expansions

Let P := (0,0;x,y) be a simple point of F//K and C the defining polynomial of the coordinate
pair (z,y). We assume that X does not divide Init(C). In this case we have vgp(x) < vp(y) and by
proposition 4.1 we know that ¢ := z is a local parameter of the place P of F//K with g = P. Let
g = G(z,y) € F where G € K[X,Y]. We want to compute the valuation vg(g).

We suppose that g # 0 and therefore it is necessary that C' does not divide G. Otherwise the
algorithm enters into an infinite loops.

Algorithm Valuation(P,G)

e Input: A point P = (0,0;x,y) of F/K where C is the defining polynomial of the coordinate
pair (z,y) and vp(r) < vp(y) and a polynomial G € K[X, Y] representing g := G(x,y) € F'.
We suppose that C' does not divide G. Otherwise the algorithm would end up in an infinite
loop.
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e Output: e = vp(g) and a where g(t) = at®+> ., a;t’ is the power series expansion of ¢ with
respect to t.

e:=0
a = G(0,0)
while a # 0 do
e:=e+m)(G)
b:= —a/f where Init(C) = aX + Y {remark b = (y/x)(P)}
C:=clkl g.= gl
C:=CX,Y+0b),G:=GX,Y +D)
8: a = G(O, 0)
9: end while
10: return(e)

Proof of the algorithm: We use induction on vp(G(x,y)). We have
vp(G(z,y)) =0 G(z,y) € O = Op & G(0,0) # 0.

It is clear that in this case the algorithm return e = 0. We assume now that vp(G(x,y)) = n. We
have vgp(z) =1 and
Glz,y) = " DG (@, y /).

Consequently vg(G(z,y)) = mp(G) + vp(G¥(x,y/2)). Since vp(Gl¥) (2, y/z)) < n we can use the
induction hypothesis. This proves the correctness of the algorithm. O

Remark 5.2 Note that a in the above algorithm is the first nonzero coefficient of the power series
expansion of g with respect to t.

If P = (a,b;,y) is any simple point of F//K all we have to do before using the above algorithm
is:

LC:=C(X+a,Y+b),G:=GX+a,Y +D)

2: if X divides Init(C) then

33 C:=CY,X),G:=G(Y,X)

4: end if
Now it is not difficult to develop an algorithm to compute the coefficients of the parameterization
[B] of P. We compute only as many coefficients of the infinite series as we need.

Algorithm Parameterization(3,n)

e Input: A place P of F'/K which is represented by a point Q = (0,0;x,y) of F'/K where C is
the defining polynomial of (z,y) and vg(x) < vgp(y) and an integer n.
Let P := (a:b: ¢) be the unique point of C* with P | P, and I" := (2/,y) a coordinate pair of
F/K such that P, € Z(T'). Let G1, G2 € K[X,Y] be two polynomials such that 2’ = G1(x, )
and y' = Go(z,y).

e Output: The parameterization [J3] of the place P (only the n first coefficients of the power
series extensions are computed).

Lox(t) =t



CHAPTER 5. ALGORITHMS

(=2
[\S)

param := 0
while order < n do
b:= —a/f where Init(C) = aX + Y
C =l
C:=C(X,Y+0D)
order := order + 1
param = param + b x torder
end while
y(t) := param
: return Gy (z(t),y(t)), Ga(z(t), y(t),1)) (here we assume that ¢ # 0; otherwise 1 must be inserted
corresponding to the nonzero coordinate.)

_ =
—= O

Remark 5.3 In our real implementation the truncated power series x(t) and y(t) are stored so
that each time only new coefficients are computed if necessary.

5.5 Divisors

Let P := (a,b;x,y) be a point of F/K. We show how to compute local divisors (g)p of functions
g € Klz,y] C F. Let G € K[X,Y] a polynomial with g = G(z,y). Recall that the local divisor
(g)p can be expressed as

(9)p =mp(G)Ep + Z (g1<))
QeB(P)

The following algorithm is based upon this equation.

Algorithm localDivisor(G,7p)

e Input: A polynomial G € K[X,Y] and 7p the desingularisation tree of a point P = (a, b; z, y).
e Output: The local divisor (g)p where g = G(z,y).

1. if G(a,b) # 0 then
2. {g is invertible in the local ring Op and therefore also in all Og with B | P}
3:  return(0)
4: end if
5. if P is a simple point then
6: n:=Valuation(P,G)
7. return(n - P) where Ep =P
8: else
9 return
mp(G)Ep + Z localDivisor(Gg, 79)
QeB(P)
where G = G(X +a, Y +b)(@) (Ep is the exceptional divisor of P and lg is the exceptional

coordinate of the point @ € B(P))
10: end if
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It is clear that we must first compute the exceptional divisors of points of the desingularisation tree
before applying the localDivisor algorithm. To do this it suffices to use the TreeWithExceDiv

algorithm which is based upon the equation

Ep = Z (IQ)q-

QeEDBP
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Algorithm TreeWithExceDiv(7p)

e Input: A tree 7p
e Output: The tree 7p with exceptional divisor attached to each knot

1: if P is a simple point then

2:  create the place 8 = P and attach Ep =P to the knot of P

3: else

4: T := TreeWithExceDiv(7g) for all Q € B(P)
{we have computed the exceptional divisors of all infinitely close points of P; we can use the
above equation the exceptional divisor Ep of P}

5. Ep =3 gcpp)LocalDivisor(Lg, 7q)
{where Lq := X if x is the exceptional coordinate of the point @, otherwise Lg :=Y'}

6: attach the divisor Ep to the knot of P.

7. end if

It is simple to compute the adjoint divisor of a point.

Algorithm adjointDivisorOfPoint(7p)

e Input: The desingularisation tree of a point P
e Output: The adjoint divisor Ap of the point P.

1: return
(mp—1)Ep + Z adjointDivisor0fPoint(7y).
QEB(P)

It is also simple to compute the intersection divisor (G) of a homogeneous polynomial G €
K[U,V,W].

Algorithm intersectionDivisor(G)

e Input: A homogeneous polynomial G € K[U,V,W].
e Output: The intersection divisor (G) of G.

1: for all points P € projectiveAlgebraicSet(C*, G) do
2 if P, is a simple point then

3 create a place P = P, if this has not already been done
4 n := Valuation(P,, G?)

5 (G) = (G) +nPB

6: else

7 (G) := (G) + localDivisor(GF, 7p)

8  end if

9: end for
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5.6 Constant field extensions

The Brill-Noether algorithm needs in theory an algebraically closed field or at least a sufficiently
high extension of the ground field. We could use such an extension but this would not be very
practical. Sometimes we want to work with a specific constant field extension. For example we are
interested in the number of places that are rational over some constant field F,. Also for complexity
reasons it is better to use the minimal extension which suffices to do the computations. This also
permits us to choose a distinguished element.

Let g(Z2) = Hle 9i(Z) € Fy[Z] where g; are irreducible factors for ¢ = 1,..., k. Assume that
there is an irreducible factor g; with degg;(Z) > 1. Theexunﬁkm.Ff%gioquisthesnwﬂe%
extension in which we can express the roots of g;(Z). There are deg g; roots of g;(Z) and they are
mutually conjugated by o — . It suffices to keep only one root of g; € Fy[Z].

>> groundField;
F_4

>> groundField: :minpoly;
2
poly(X1 + X1 + 1, [X1], IntMod(2))

>> q := poly(Z~3+Z+1,[Z] ,,groundField);

3
poly(Z + z + 1, [Z], F_4)

> irreducible(q);

TRUE

The ground field F4 (F_4) is represented as Fo[X;]/(X? + X1 +1). The polynomial ¢(Z) :=
Z3 + Z + 1 is irreducible over F4[Z]. We can construct an extension in which we can represent a
root of q(Z):

>> exts := distRoots(q);

-— table( -
| 2 4 I
I _embed = [F_64, X1, X2 + X2 + X2 1, |
| 2 |
| _distRoot = X2 + X2 + 1, |
[ _extDeg = 3 [
-

>> ext := exts[1]:

>> embeddedQ := embedPoly(q, ext[_embed]);
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3
poly(Z + Z + 1, [Z], F_64)

>> ext[_distRoot];
X2 + X2 +1
>> domtype (ext [_distRoot]);
F_64
>> evalp(embeddedQ, Z=ext[_distRoot]);

0

The entry ext[_embed] determines how F_4 is embedded into F_64. We can embed an element
into the new extension with embedElem and a polynomial into the polynomial ring over the new
extension with embedPoly. We can concatenate two embeddings with succEmbed.

In the following we present the algorithms as if we calculated in the algebraically closed field K
for simplicity. Actually we always work in the smallest extension and always choose a distinguished
element.

5.7 Examples
Let us consider the projective plane curve C* determined by the polynomial
>> projectiveCurve;

8 5 3 45 4 23 9 63 36 9
poly(X Y+X YZ +X Y +X Y Z +Y +Y Z +Y Z +2, [X,Y,Z], F_2)

over finite field Fo

>> groundField;

F_2
>> groundField: :size;

2
Let us determine the singular points of C*.
>> singPts := singularPoints():
>> nops(singPts) ;

3
>> printProjPoint (singPts[1]);

(o, 1, 1]

>> printProjPoint (singPts[2]);
2
[0, X2 + 1, 1]
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>> printProjPoint (singPts[3]);
2
[x2 + 1, 1, 0]

The point singPts[1] is rational over F_2 and the points singPts[2] and singPts[3] are rational
over F_4 (Fy2). The index attached to a projective point is the degree of the minimal extension
of the ground field F_2 needed to represent the point. The field F_4 was created to represent the
points singPts[2] and singPts[4]. This index is also the length of the orbit under the Frobenius
map. We always create only one point of each orbit. We see that the curve C* has five singular
points
P:=0:1:1), Pb:=(0:06:1), P3:=(:1:0),
Py:=(0:8%:1), Py:=(3?:1:0)

where 3 is a primitive element of Fy2. The points P, and Py are conjugated over Fo and so are Ps
and.fﬁ.
The point P; € C* (singPts[1]) is represented as

>> pt := singPts[1];

table(

_embed = [F_2],

_projCoords = [0, 1, 1],

_deg =1,

_defCurve = poly(X"8*Y + X B*Y*Z"3 + X"4%Y"5 + X 4*Y"2+Z"3 + Y~9 + Y 6%Z\
~3 + Y"3%Z°6 + 279, [X, Y, Z], F_2)
)

Let us blow up this point. To do that we must first create the point Py, of K(C*).

>> icp0 := createInfClsPointFromProjPoint (pt);

table(
_exceDiv = 0,
_affCoords =
_chart = 2,
_prevEmbed = [F_2],
_embed = [F_2],
_exceCoord = None,
_G1 = poly(X, [X, Y], F_2),

[O, 1]’

_deg =1,
_G2 = poly(Y, [X, Y], F_2),
_mult = O,

_defCurve = poly(X"8*Y + X"b*Y + X"4%Y"5 + X"4*Y"2 + Y"9 + Y76 + Y~3 + 1\
, [X, Y], F_2)
)

Note that the multiplicity icpO[_mult] has not been computed. The procedure blowUp gives us
the point with the multiplicity and a list of the infinitely close points.



68

>> [icp0, infClsPts_icpO] := blowUp(icp0):

>> icpO[_mult];

>

\4

nops (infClsPts_icp0) ;

>> icpl := infClsPts_icpO[1];
table(
_exceDiv = 0,
_affCoords = [0, 0],
_chart = 2,
_prevEmbed = [F_2],
_embed = [F_2],
_exceCoord = X,
_G1 = poly(X, [X, Y], F_2),
_deg =1,
_G2 = poly(X Y + 1, [X, Y], F_2),
_mult = 0,

3
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_defCurve = poly(X"6*Y"9 + X"6%Y"5 + X"6+Y + X"5xY"8 + X"5xY"4 + X°5 + X\

"3%YT6 + XT3*%Y"2 + X73%Y + XT2%Y + X72 + X*Y"4 + Y~3,

)

X, Y], F_2)

We see that the multiplicity is of icp0 is 3 and that there is only one infinitely close point icpl above
icp0. Note that the entries icp1[_G1] and icp1[_G2] keep track of the coordinate transformations
done when blowing up. Since icpl[_affCoords]=[0,0] the multiplicity of icpl is the degree of
the initial form of icpl[_defCurve] (icpl is already in the origin).

>> initForm(icpl[_defCurvel);
2

poly(X , [X, Y], F_2)

We know now that the multiplicity of icpl is 2 and that there is only one infinitely close. Its

exceptional coordinate is Y. Let us check it.

>> [icpl, infClsPts_icpl] := blowUp(icpl):

>> icpl[_mult];

>> icp2 := infClsPts_icpl[1];
table (

_exceDiv = 0,

_affCoords = [0, 0],

_chart = 2,

_prevEmbed = [F_2],

_embed = [F_2],

_exceCoord =Y,

_G1 = poly(X Y, [X, Y1, F_2),

_deg =1,

2
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2
_G2 = poly(X Y + 1, [X, Y], F_2),
_mult = 0,
_defCurve = poly(X"6*xY~13 + X"6%xY"9 + X"6%xY"5 + X"5xY~11 + X"5xY"7 + X°b5\
*Y"3 + X"3*%Y"7 + X"3*%Y 3 + X"3%Y 2 + X"2%Y + X"2 + XxY"3 + Y, [X, Y], F_2)
)

Since icp2[_affCoords] = [0, 0] and

>> initForm(icp2[_defCurvel);
poly(Y, [X, Y], F_2)

the point icp2 is a simple point. Let us determine the exceptional divisors and the adjoint divisor.

>> desingTree_icp0 := desingTreeAtPointLocal(icp0):
>> desingTree_icp0 := TreeWithExceDiv (%) :
>> drawTree (%) ;

"gu(Ly).."

We see that a symbol L1 has been created. It represents the place corresponding to the simple
point icp2. The exceptional divisors of icp0O and icpl are respectively

>> desingTree_icpO[_knot] [_exceDiv];

3 L1

>> desingTree_icpO[_branches] [1] [_knot] [_exceDiv];
2 11

The local adjoint divisor of icpO is

>> AdjDivOfTree(desingTree0fIcpO);
8 L1

We compute now all the desingularisation trees with desing. The adjoint divisor of the curve C* is

>> adjointDivisor;
8L1+8L2+3L3+314
>> printDivisor(adjointDivisor);
2 2 6
8L1+8L2 +3L4 + 31L3
>> deg0fDivisor(adjointDivisor);
48

The genus of the function field K (C*) is ((n — 1)(n — 2) — deg.A)/2 = 4 where n = 9 is the degree
of the curve C*.

>> genus;

We get a canonical divisor of K(C*) by



70 CHAPTER 5. ALGORITHMS

>> K := canonicalDivisor();
L1 + 12 + 3 8S1
>> printDivisor(K);
2
L1 + L2 + 3 8S1
>> deg0fDivisor(K);
6

We know that the degree of a canonical divisor is 29 — 2 = 4 where g = 4 is the genus of K (C*).
The dimension of the vector space L(K') associated to a canonical divisor K is always g.

basis := brillnoether(K):
>> GO := basis[1];

6 3 9
poly(Y Z +Z , [X, Y, Z], F_2)
>> [G1,G2,G3,G4] := basis[2]:

9 6 3
[z +yYy Z,

8 6 2 3 5 6 2 2 2 5 2 b5 2
XZ +XY 2 +X YZ +X YZ +X Y Z +X Y Z,

8 2 7 2 7 6 2 2 3 4 3 2 4
Y 2+X Z +Y Z +X Y Z+X Y Z +X Y Z,

9 8 3 6 5 4 6 3 3 6 3 6 2 6
Yy +XYy +X Y +X Y +X Y +X Z +Y Z +XY Z

5 3 3 3 3
+X YZ +X Y Z1

>> interDivGO := intersectionDivisor(GO):
>> interDivG1l := intersectionDivisor(G1l):
>> interDivG2 := intersectionDivisor(G2):
>> interDivG3 := intersectionDivisor(G3):
>> interDivG4 := intersectionDivisor(G4):
>> -K;

- L1 -1L2-381
>> interDivGl-interDivGO;

>> interDivG2-interDivGO;
214 -L1 -12-81
>> interDivG3-interDivGO;
L4 - L1 -L2-28S1+ S2 + S6
>> interDivG4-interDivGO;
L3 -L1 -L2- 3581
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>> deg0fDivisor (%) ;
0

We see that {G1/Go,...,G4/Go} is a basis of L(K).
Let us consider the curve over Fje.

>> groundField;
F_4
>> projectiveCurve;
8 5 3 4 5 4 2 3 9 6 3 3 6 9
poly(X Y+X YZ +X Y +X Y Z +Y +Y Z +Y Z +72Z,
X, Y, Z1 , F_4)

The adjoint divisor is

>> printDivisor(adjointDivisor);
3 3
8L1+8L2+8L3+3L5+3L4 +3L7+ 31L6

With respect to the standard coordinate triple we have the following divisors:

>> printDivisor(intersectionDivisor(poly(X, [X,Y,Z],groundField))) ;
3 L1 +31L2+ 31L3
>> printDivisor(intersectionDivisor (poly(Y, [X,Y,Z],groundField)));
9 S1
>> printDivisor(intersectionDivisor(poly(Z, [X,Y,Z],groundField)));
3 3
Lb+1L4 + L7 +L6 + S1

S1 corresponds to the simple point

>> printProjPoint (List0fSimplePts[1]);
[1, 0, O]

of the curve C*. Consider the divisor 9%S1. Regarding the intersection divisors (X), (Y') and (Z)
above we see that X3Y Z3 is an interpolating form for A + 95.

>> GO := poly(X~3%Y*Z"3,[X,Y,Z],groundField):
>> interDivGO := intersectionDivisor(GO);
911 +91L2+913+3L4+31L5+3L6+ 3L7+ 1281
>> interDivGO - (adjointDivisor + 9%S1);
L1 + L2 + L3 + 3 S1
>> denoms := interpolatingForms(interDivGO - 9*S1, 7):
>> nops(denoms) ;
6

>> map(denoms, expr);

3 4 3 3 4 3 2 5 4 2 2 3 2 3 2 2
X Z,X YZ,X Z,X Z +X YZ +X Y Z +X Y Z,

7 6 2 4 2 4 4 2
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Z +Y Z+X YZ +X Y Z+X Y Z,

7 6 6 6 6 3 4 5 2
Y +XY +X Y+XZ +YZ +X Y +X Y]

We see that the dimension of dim £(951) = 6, according to the Riemann-Roch theorem dim £(m.S1) =
m — g+ 1 for all m > 2g — 2 = 6. The function field K (C*) has

>> plcs := placesOfDegreeOne();
[s7, 88, s9, L1, L2, L3, L5, L7, S1, S2, S10, 83, S4, S5, S6]
>> nops(plcs);
15

places of degree one. Let P be the list of all places of degree one except S1. We can construct the
geometric Goppa-Code Cr(P,6S57)

>> P := [op({op(plcs)} minus {S1})];
[s7, s8, s9, L1, L2, L3, L5, L7, S2, S3, S10, S4, S5, S6]
>> goppaCode ([GO,denoms], P);
+- -+

I 1, 1, X1 +1, X1, X1 +1, X1 I
| X1, 1, X1, X1, X1 +1, X1 +1 |
I 1, 1, 1, 0, 1, 1

I 1, 1, 1, 1, 1, 1

| X1, 1, 1, X1 +1, X1 +1, 1 I
| X1+ 1, 1, 1, X1, X1, 1 I
I 1, 1, X1 + 1, 0, X1, X1 I
| 1, 1, X1, 0, X1 +1, Xt +1 |
| X1, 1, X1 + 1, 1, 1, X1 I
| X1+ 1, 1, 1, 0, X1 + 1, 1 I
| X1 +1, 1, Xt +1, Xt +1, X1, X1 I
I 1, 1, X1, X1+ 1, X1, Xt +1 |
| X1 +1, 1, X1, 1, 1, X1 +1 |
I X1, 1, 1, 0, X1, 1 I
+- -+

>> groundField: :minpoly;
2
poly(X1 + X1 + 1, [X1], IntMod(2))



Chapter 6

Absolute factorization of bivariate
polynomials

6.1 Introduction

We describe the algorithm for factoring bivariate polynomials over an algebraically closed field
proposed by D. Duval in [Duv9l]. Let K be a perfect field and K an algebraic closure of K. Let
C € K[X,Y] be a reducible square-free polynomial. Consider its factorization

c=]]c?, (6.1)
=1

where the polynomials C() e K[X,Y] are irreducible for i = 1,2, ..., 7. The irreducible components
of the affine plane reduced curve !

C:={PeA*|C(P)=0}

are the irreducible curves

cO ={PeA?|CcOP) =0}
defined by the irreducible factors of the polynomial C:
c=cWu...uc.

The geometric question of determining the irreducible components of the curve C is equivalent to
the algebraic question of factoring the bivariate polynomial C over the algebraically closed field K.

6.2 The function ring of a reduced curve

The algorithm is based on some geometric invariants of the curve C. For the basic concepts of
algebraic geometry see Chapter 3 “Regular and rational functions” in [Kun85]. Each irreducible
factor C) of C' defines a plane irreducible curve

¢ .= {PeA?|CY(P) =0}

!By a curve we mean an equidimensional algebraic set whose irreducible components have dimension 1 (i.e. are
irreducible curves).

73
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with the coordinate ring

K[cD) .= K[X,Y]/ <c<i>>

and the function field
K :={f/g .9 KlCV].9#0}.

The square-free polynomial C' defines an affine plane reduced curve
C:={PeA’|C(P)=0}

with the coordinate ring
K[C] == KX, Y]/ (C).

As a rational function r on C is defined on a dense open subset U of C (domain of definition) it must
have the form r = f/g with f € K[C] and g € K[C]* where K[C]* is the multiplicatively closed
subset of non-zerodivisors of K[C]. The denominator g must not be a zerodivisor since otherwise
the domain of definition would not be dense in C. The function ring of C will be denoted by K (C).
It is the total quotient ring of K[C] 2 (see also Chapter 2 “Localization” in [Eis95])

K(C):=K[Clgi- ={f/9| f € K[C] and g € K[C]"} .
It is the “biggest” localization such that the natural map ¢

L.{K[C] — K(C)
' g = g/l

is an injection. Let I be an ideal of K(C). The correspondence I — ¢~1(I) is a bijection between
the prime ideals of K(C) and the prime ideals of K[C] not meeting K[C]* (Proposition 2.2 [Eis95]).
The latter are exactly the prime ideals .=+ (C) € K[C].

The function ring K[C] has exactly r prime ideals which are

¢ .= @) = @ /1)K ()

Every ideal J of K[C] with J 2 % meets K|[C]* so that 1 € «(J) and consequently ¢(J) = K(C).

The ideals € are therefore maximal so that € 4 ¢\ = K (C) for i # j and their intersection
Ni_, €@ is the zero ideal as the intersection ()_, C’( D —oWe® .. c" =0 s the zero ideal in
K|[C] and localization preserves finite intersections (Corollary 2.6 in [Eis95]). We are now in the
situation of the Chinese Remainder Theorem which establishes the isomorphism

K(C)=2K(C)/eW x ... x K(C)/e™

We can also obtain this isomorphism directly (see page 85 in [Kun85]) as the coordinate ring

K[C] # 0 is a reduced ring with finitely many minimal prime ideals C(l) 0(2) ,ém which
correspond to the irreducible components of C.

2For the irreducibles curves C*) we obtain K (CV) = {f/g | f,g€ KICY], g # 0} = F[C(“]flc(i)]*
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Since the function fields K (C¥)) are K-isomorphic to the fields K (C)/¢€® for i = 1,...,7 we
have the K-algebra isomorphism

KC) — EKECYD)x...xK(CH)
Py Gy <G(x<1>,y(1>) G(mm,y(r))) (6.2)

H(zy) HW M) x4y

where G, H € K[X,Y] with gcd(H,C) = 1 and where 2,2, . 20 and y,y®, ..., y") are the
images of X and Y in K[C], K[CV]),..., K[C(")]). We can also obtain the isomorphism ¢ directly
using Proposition 4.23 in [Kun85].

6.3 Places and divisors of the function ring

Since the function ring of a reduced curve is isomorphic to the direct product of function fields
of irreducibles curves we can generalize the notions of places and divisors of an algebraic function
field in one variable to the function ring of a curve. More details on these notions can be found in
chapter 1. Nevertheless let us repeat briefly some basic results.

A wvaluation ring of an algebraic function field in one variable F' with ground field K is a ring
O such that

1. KCOCPF,
2. ifx € F\ O then 27! € O.

Every valuation ring is a local ring. A place of F' is the unique maximal ideal of a valuation ring.
The set of places is denoted by Pr k. For every P € Pr/x there is a unique valuation ring which
has P as its maximal ideal. We will denote this valuation ring by Og. Every place ‘B has a
remarkable element ¢ such that 8 = tOg. This element is called a local parameter. Every element
v € F can be written in the form

v =ut"

where n € Z and u € (’);’i} = Ogp \ B. We can associate to every place B the function vy : FF —
Z U {oo} defined by

n U#Oandv:t"uwhereue(?ii,

o v=0 (6.3)

vp(v) := {

The function v is well defined and does not depend on the choice of the local parameter ¢. It is a
discrete valuation of F because it is surjective and satisfies the following three conditions:

1. vp(u) =00 & u=0,

2. vp(uv) = vp(u) + vp(v) for all u,v € F,

3. vp(u +v) > min{vp(u), vp(v)} for all u,v € F' (triangle inequality).
We will consider the function fields of each irreducible component C® of C.

Definition 6.1 (Place) A place of K(C) is a place of the function field K (C\)) of one irreducible
component C of C. The set of places of K(C) will be denoted by P.
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Let 9 be a place of K(C). Let ig € {1,...,7} be the unique index such that P is a place of K (C(*)
3 and let us consider the corresponding discrete valuation:

yg‘n) :K(CY) — 7 U {oo}.

We can define a map

Vm:{ KC) — ZU{oo} 6.4

U — Z/gm)(u(im))
by projecting K (C) onto K (C®). This map is surjective and satisfies the following three properties:
1. vgp(u) = 0o & ul™) =0,
2. vp(uv) = vp(u) + vg(v) for all u,v € K(C),
3. vp(u+v) > min{vg(u), vp(v)} for all u,v € K(C).

The map v does not satisfy all the properties of a discrete valuation because there is u € K (C)\{0}
with u(") = 0 and therefore vp(u) = oo even though u # 0. Nevertheless we will use the following
definition:

Definition 6.2 (Discrete valuation) A discrete valuation of K[C] is a surjective map
v:K(C) — ZU{x}
satisfying the following properties:
1. there is an index i € {1,...,r} such that v(u) = oo if and only if u® =0,
2. vp(uwv) = vp(u) + vp(v) for all u,v € K(C),
3. vp(u+ v) > min{vg(u), vp(v)} for all u,v € K(C).

Let v be a discrete valuation of K(C). The index i for which v(u) = oo if and only if u() = 0 is
unique. Since v is surjective there is u € K(C) such that v(u) # oo and therefore u(® # 0. Let
j#1i,1<j<r. We can always choose u € K (C) such that ul¥) = 0 and v(u) # co. We know that
a place of a function field is uniquely determined by a discrete valuation. The following proposition
is therefore evident.

Proposition 6.1 For every place ‘B € P the map vy is discrete valuation of K(C). Conversely if
v: K(C) — ZU{co} is a discrete valuation of K(C) then there is a unique place B € P such that
vV = ng.

We can now generalize the notion of a divisor to the function ring of a reduced curve.
Definition 6.3 (Divisor) A divisor of K(C) is a formal sum
D = Z ngp‘B
PeP
where ngg € Z U {oo}. We denote the set of all divisor of K(C) by De.

3Every place % of K(C) corresponds to a point of the function ring K (C) (see Definition 6.7). This determines
the index 4g in a unique way. The uniqueness here should be understood via this representation.
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Contrary to a divisor of a function field the support of a divisor D := Zmeﬁ” nge of the function
ring K (C) is not necessarily finite. This can also occur for the degree of D which is defined by

deg D := Z ngp
PelP

and which takes values from Z U {oc}. We allow this since the function ring K(C) contains zerodi-
visors.
The set of divisors D¢ is partially ordered by the relation

DED’@nmznﬁnforaHiBEP

where D =3 g png and D' =3 g p nigy.
We define the sum of D and D’ by

D+ D' = Z(ngp + ng) P
PBeP

where the addition in Z U {oo} is the usual addition in Z if both ng, ng; € Z and ng + ngy = oo if
ngg = 00 or ngp = 00. We denote the neutral element of the addition in D¢ by 0. We conclude from

deg(D + D') = deg(D) + deg(D’)

that D is invertible D¢ if and only if deg(D) < co. The set D¢ endowed with this addition is not
a group but only a monoid.

Remark 6.1 The monoid D¢ contains elements which are not reqular. Let A be a divisor such
that A+ D = A+ D'. If deg(A) < oo then D = D'. But if deg(A) = oo it can happen that D # D'.

It is now straightforward to generalize the concepts of principal divisors and of vector spaces
associated to divisors to function rings.

Definition 6.4 (Principal divisor) Let u € K(C). We call
(w) =Y vp(u)P
PelP
the principal divisor of the function u.

There are principal divisors of infinite degree: these are the principal divisor of zerodivisors of
K(C). On the contrary, if u € K(C)*, then deg(u) = 0. Let D be a divisor of K(C). It is easily
verified that

£(D) = {ueK(C)| D= —(u)} (6.5)

is a finite-dimensional K-vector space. The absolute factorization algorithm proposed in [Duv91]
relies on the following proposition:

Proposition 6.2 (See [Duv91]) Let r be the number of irreducible components C%) of C then

1. dlmfﬁ(()) =T,
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2. dimg L(—nP) = r — 1 for every place P € K(C) and for every integer n > 0.
Proof: Let D be a divisor of K(C) with deg(D) < oo. It is obvious that
L£(D) = L(DWY) x ... x £(D")

via the K-algebra isomorphism K (C) = K(C®¥) x ... x K(C®). The K-vector spaces £(D®) c
K(C%) have all a finite dimension and dimz £(D) = St dimg £(D®). Especially dimz £(0) =
> i dimgs L£(0®) = 7 because the dimension of the vector space associated to the zero divisor in
a function field is 1. We can suppose without loss of generality that 9 is a place of C() and let
n > 0. It is obvious that v € £(—nfP) if and only if u) = 0 and u(? € K for i # 1 and therefore
dimy L(—nP) =7 — 1. O

Remark 6.2 (Absolute factor) Let F; € K[X,Y] fori=1,...,r —1 and G € K[X,Y] be such
that
Fi/G € L(=%F).

This means that F mod CY) = 0 and consequently F; are multiples of CV). By calculating
ged(C, F, ..., Fr_1) we obtain an absolutely irreducible factor.

6.4 Local rings of points of a reduced curve

Let C := {C = 0} be an affine plane reduced curve and P € C. We will study the local properties of
C, that is the intrinsic properties of points of the curve C. It is evident that such properties should
only depend on the components passing through P. At first glance it may seem that

K[Clp:=A{f/g| f € K[C],g € K[C]" and g(P) # 0} C K(C)

is the right choice for the local ring of the point P of the curve C. If the curve C is irreducible,
then the coordinate ring K[C] is integer and K|[C]p is its localization in the maximal ideal formed
by elements g € K|[C] such that g(P) = 0. But if C is a reducible curve then it turns out that the
ring K[C]p is not necessarily local.

Proposition 6.3 Let C be an affine plane reduced curve, CV, ..., C") its irreducible components
and P € C. Then K|[C]p is a local ring if and only if P € (),_, c@,

Proof: Consider the ideals () := é(l)f[C]p for i =1,...,7. Observe that the ideals I} are prime
such that {0} € I® C K[C]p and if u € K[C]p \ Uj_, I, then u is invertible in K[C]p. Consider
now the ideal

Mp:={f/g|f € K[C],h € K[CI", f(P) = 0 and g(P) # 0}.

The ideal Mp is maximal and for ¢ = 1,...,r we have
PeC) — 10 c Mp

Suppose that P € N7_,C% and let u € K[C]p \ Mp. Since P € N7_,C% we have u ¢ I for
i =1,...,r and consequently wu is invertible in K[C]p. The ideal Mp is then maximal since it is
exactly the set of elements which are not invertible in K[C]p. Conversely, suppose that there exist

i such that P ¢ C(). Then ¥ ¢ Mp and consequently 1) ¢ Mp, i.e. Mp is not the unique
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maximal ideal. O

This is not unexpected when we recall that K (C) is the ring of “global” functions, that is functions
defined on a dense subset of C which do not allow us to study the local properties of C.

Let us introduce some notation which will be very useful in the following. We associate to a
subset S of {1,2,...,7} the polynomial

oS — H o
€S
and the curve
= (0¥ =0}.

We also associate to S the K-homomorphism
PP K (C) - KIc]

which is the projection of K (C) onto K [C'®)] defined via the isomorphism ¢. To every point P € C
we associate the support of the point P

Sp:={ie{1,2,....r}| PeC®}.
If #5p = 1, then P is the point of only one component of C and we say the point P is isolated. We
denote C® the unique irreducible component such that 9 is a place of K(C¥)).
Definition 6.5 Let P be a point of C and Sp the support of P. The ring
Op(C) ={f/g| f € K[c®").g € KIC®F)]" and g(P) # 0}
is called the local ring of the point P.

By preceding proposition we know that Op(C) is a local ring. Its maximal ideal is
Mp(C) = {f/g| | € K[c®P],g € KIC®P)", f(P) =0 and g(P) # 0}.

It may seem that the above definition of a local ring Op(C) is not useful since the factorization of
C' is not known. The following proposition shows that it is not necessary to know the factorization
of C in order to describe the ring Op(C). We can do it by passing from the local ring of a point
P ¢ A? defined by
Op(A?):= {F/G | F,G € K[X,Y] and G(P) # 0}.
Proposition 6.4 Let P be a point of the plane affine reduced curve C := {C = 0}. Then
Op(C) = Op(A?)/COp(A?).

Proof: Let us denote by F and G the residual images of, respectively, F, G € K[X,Y] in K(C(5P)) =
K[X,Y]/(C"P)). The map

[ Op(A%) — 0p(C)

' F/G +— F/G
is a K-homomorphism. We have kerp = C9P)Op(A?). Set ¢’ := C/CP) ¢ K[X,Y]. Since

C'(P) # 0 it is clear that C’ € Op(A?) is invertible in Op(A?) and consequently ker ¢ = C’ ker ¢ =
COp(A?). The homomorphism ¢ is surjective. Now we have Op(C) = Op(A?)/COp(A?). O

One of the most important properties of a point P € C is the multiplicity. The multiplicity of an
affine plane reduced curve is defined like in the irreducible case.
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Lemma 6.5 Let CV, ... C") be the irreducible components of C and P € C. We have
mp(C) = mp(C?).
i=1

Let Cx and Cy denote the derivatives of C' with respect to X and Y. It is clear that
mp(C) =1 <= Cx(a,b) # 0 or Cy(a,b) # 0.

The right side of this equivalence corresponds to the definition of a simple point of an affine plane
curve. If P is simple, then it is clear that only one component of C passes through P. In this case
C3P) is an irreducible curve and Op(C) is a discrete valuation ring of the function field K (C(57)).

Proposition 6.6 The multiplicity of a point P € C depends uniquely on the local ring Op(C).
Indeed, it can be show that there exists a sufficiently big N such that for alln > N

mp(C) = dimg Mp(C)"/Mp(C)"
where Mp(C) is the mazimal ideal of Op(C).
Proof: [Per95], Proposition 4.6 on page 113. O

6.5 Points of the function ring
We generalize in this section the notions coordinate pair and point to the function ring K(C) of a
plane reduced curve.

Definition 6.6 (Coordinate pair of K(C)) Let K(C) be the function ring of the plane reduced
curve C. A coordinate pair of K(C) is a pair ' := (z,y) satisfying the following properties:

1. the reqular elements of K|[z,y] are invertible in K(C), and
2. the total quotient ring of K|[z,vy] is K(C).

A defining polynomial of I' = (x,y) is the polynomial Cr € K[X,Y] of lowest degree such that
Cr(z,y) = 0. We associate to the coordinate pair T' the affine plane curve Cr := {Cp = 0}.

Definition 6.7 (Point of K(C)) Let K(C) be the function ring of the reduced curve C. A point
of K(C) is a pair P := (a,b;x,y) such that

1. T := (x,y) is a coordinate pair of K(C) with the defining polynomial Cr and
2. (a, b) €Cr:= {Cr = O}.

IfcW ... .C™) are the irreducible components of C and Clgl), e ,Cl(f) are the irreducible components
of Cr such that C) — Cl(f) Y fori=1,...,r we call

Sp = {i | (a,b) € C}
the support of P. The multiplicity of P is multiplicity m,)(Cr) of the point (a,b) € Cr.

“We mean by ¢ — Cl(f) that we obtain Cl(f) by a sequence of translations and strict transformations from C®
when we blow up a point of C. Every point of K(C) which we work with corresponds either to a point of C or to
a point obtained by blowing up. Therefore the notation ¥ — Cl(f) is well-defined (every transformation can be
“traced back”).
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This definition generalizes of the notion point of a function field to function ring of affine plane
reduced curve. The notion of point of F' of a given function field permits to fix F' and to compare
in F' the local rings of points of different curves having a function field which is isomorphic to F'.
We will do the same for the function ring K (C). But this will be more delicate since the local ring
of a point P of the reduced curve C is not necessarily a subring of K (C) but only of K (C(°P)) where
S is the support of the point of P.

Definition 6.8 Let P := (a,b;x,y) be a point of K(C) and Sp the support of P. The local ring Op
of the point P is the subring of K (CSP)) which is isomorphic to the local ring Ofap)(Cr) C F(Cliqp).
We denote by Mp the mazimal ideal of Op where I' = (z,y).

Let P be a point of K(C) and Sp be the support of P. It will be useful to consider the element
o8P (1) € K(CBP)). If ¢8P) (1) € Op we write u € Op. Similarly, if 9P is a place of K(C) we
write u € Og (resp. u € P) when p(57) (u) € Og (vesp. P (u) € P). If u € O, then the unique
a € K such that u — a € B is called the evaluation of u at the place 9. It is denoted by u ().
The following proposition is equivalent to the proposition 4.3 when the curve is irreducible.

Definition 6.9 Let P := (a,b;x,y) be a point of K(C). Let Q be a point (resp. B a place) of
K(C). We say Q (resp. B) is above P, denoted by Q | P (resp. B | P) if

r—a€Mgandy—beE Mg (resp. t —a €P andy—bEP ).

If the curve is irreducible we know there are at least one and at most finitely many places above
P. Tt is also clear that this is also true when the curve is reduced.

6.6 Blowing-up points

Strict transforms, exceptional coordinates, and monoidal transformations are defined like in the
irreducible case. If C = [[;_; C®, then C*l = [}_, c®" and oW = I, @™ We conclude
that if C' is not divisible by X (resp. Y), then C is irreducible if and only if C# (resp. C) is
irreducible. Moreover, K (C) = K(C]) (resp. K(C) = K(CW). Moreover, we have the following
proposition.

Proposition 6.7 Let ' := (z,y) be a coordinate pair of K(C) and C the defining polynomial of T.
If C is not divisible by X (resp. Y ) then (x,y/x) (resp. (z/y,y)) is coordinate pairs of K(C) with
Cl (resp. CY) as defining polynomial.

Proof: We show the proposition for (z,y/z). Suppose that X does not divide C. It is clear that
if (x,y/x) is a coordinate pair then C*! is the defining polynomial. Since K[z,y] C K|z, y/z] it
suffices to show that every regular element of K|x,y/x] is invertible in K(C) because it is clear
that in this case the total quotient ring of K|[x,y/z] is equal to K(C). Let g be a regular element
of K[z,y/x]. Then there exists n € N such that ¢’ := 2"g € K[z,y]. The element ¢’ is regular in
K[z,y] since x is regular in K|x,y]. Therefore ¢’ is invertible in K (C) and also g = ¢'/x™. O
Suppose that P = (0,0;z,y) and let C(X,Y) € K[X,Y] be the defining polynomial of the coor-

dinate pair (z,y). Let Init(C) be the initial form of C' and m := mp > 0 the degree of Init(C).

Consider its factorization
m

Init(C) = [ [(:i X + 5Y).

=1
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Let (x,y1) (resp. (x1,y)) be the monoidal transform of (z,y) with respect to the exceptional
coordinate z (resp. y) which have C*! (resp. Cl¥!) as defining polynomials. Let H = C' — Init(C).
Then [ := degInit(C) > m and we can write

M =TJ(ai + piy) + X HI
=1
and .
CWl = TJ(iX + 8) + Y= HYL,
=1

Now let B € Pz be a place dominating P (recall that in this case x,y € P by proposition 4.3). By
the definition of a valuation ring we have y; = y/z € Ogp or 1 = z/y € Og.

1. If y; € Og, then

m

0=0(P) = C(z,y1)(P) = [ [ (i + Biya (P)) = Wit(C)(1, y1.(P))

i=1

and consequently there exists 7 such that 3; # 0 and y; () = —«;/B;. Therefore
Pm = (07 _al//B’M Z, yl)

2. If y1 & Osp, then 21 € P and z1(P) = 0. We have

m m

0= 0(F) = C¥(z1,4)(B) = [J(cixr(B) + 6;) = [] 6:

i=1 i=1
and consequently there exists ¢ such that 3; = 0. Therefore

P;B = (0,0;xl,y).

Note that the values —«;/3; are the distinct roots of Init(C')(1,Y"). There exists ¢ such that 3; =0
if and only if Init(C)(0,1) = 0 which is equivalent to say that X divides Init(C'). More precisely,
we have

B(P) :={(0,7;2,91) | v € K, Init(C)(1,7) = 0} U Boo(P)
where

~ f {(0,0;z1,9)} if Init(C)(0,1) =0
Boo(P) = { 0 Y otherwise )

Proposition 6.8 Let P be a point of K(C). Then
1. B(P) = {P¥ || P},
2. for every place above the point P we have

B | P¥ and P¥* | P.
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Proof: Let Q € B(P) and suppose without loss of generality that P = (0,0; x,y) and Q = (0,~; z,y)
where y; := y/z. It is clear that x € Mg and y = xy; and therefore @ is above P. We will show
that there exists a place 3 such that @) = P to finish the proof. Let C' be the defining polynomial
of (z,y). By the definition of @ we have Init(C)(1,v) = 0. So there exists an irreducible factor
C" of C such that Init(C’)(1,7) = 0. Let C' := {C’ = 0} which is an irreducible component of
C. Let us denote by 2/, ¥ and ¥} the projections of, respectively, x, y and y; onto K(C'). Then
P := (0,0;2',y) and Q" := (0,v;2',9]) € B(P’') are points of the function field K(C’). There
exists a place P of K(C’) such that P C Mg and therefore Q' := P'®_ Since B is a place of K(C)
by definition it is clear that Q' = P'* implies Q = P¥. O

Proposition 6.9 Let P be a point of K(C) and B a place dominating the point P. Then there
exists N € N such that for n > N the point P¥ is an isolated point of K(C).

Proof: There is nothing to show if the curve C is irreducible. Let CV,...,C") be the r > 2
irreducible components of C. Suppose that P = (0,0;z,y). Let C be the defining polynomial
of (z,y) and c®, ..., C") be the r irreducible factors of C (in the order corresponding to the
irreducible components C¥)). Suppose that 9§ is a place of K(C*) and set

Gi(X,Y):=c/cW =] c" e K[X,Y].
=2

If G1(0,0) # O then it is clear that the point P is isolated and the proof is finished. Otherwise
let Q := P¥® and suppose that Q = (0,7;x,y;) where y; := y/z. Recall that C[*l is the defining
polynomial of the coordinate pair (z,y). Set

Go(X,Y) = G¥ = el je ™,

If G2(0,7) # 0, then @ is isolated and the proof is finished. Otherwise consider the functions
g1 :=Gi(z,y) and g := Ga2(z, 1)
They are linked with each other by the relation
g1 =12"go

where m := degInit(G1). Consequently vp(g1) > vp(ge) since m > 0 and vg(x) > 0. We replace
P by @ which move to the origin and repeat the step. We find g3 € K(C) with vg(g3) > vp(g2)-
After a finite number of iterations, say N, we find gy such that vgp(gn) = 0 and consequently the

point PF™ i isolated for n > N. O

Corollary 6.10 Let P be a point of K(C) and B a place dominating the point P. Then there exists
N € N such that for n > N the point P¥ is simple.

Proof: We know that this is true when the curve C is irreducible. This already suffices to prove the
corollary since by the preceding lemma we can suppose that P is isolated and in this case the local
ring Op is contained in the function field of the irreducible component passing through P. O

The desingularisation tree is defined like in the irreducible case.
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6.7 Divisors

Exceptional, local, adjoint and intersection divisors are defined like in the irreducible case. The
following proposition gives us a sufficient condition for applying the Max Noether’s Fundamental
Theorem which the Brill-Noether algorithm is based upon. We already know that this proposition
is true for irreducible curves and the proof is much simpler than that for reducible curves. We
consider a singular point P of a curve C to pinpoint this difference. If C is irreducible, then the
local rings of all infinitely close points of P are contained in the function field. The proof is then
based upon an element contained in the intersection of all these local rings. But if the curve C
is reducible the point may not be isolated and then the local rings of the infinitely close points
of P are not all necessarily contained in the same function ring and it is not possible to take the
intersection of these local rings.

Proposition 6.11 Let P := (0,0;z,y) be a point F/K and suppose that X does not divide Init(C')
where C' is the defining polynomial of the coordinate pair (x,y). Then the ring Oplyi1] is a semi-local
ring and its maximal ideals correspond bijectively to the points of B(P).

Proof: We already know that this is true for the absolutely irreducible case (see proposition 4.12).
By projecting on the function fields of the absolutely irreducible components it is not difficult to
prove that this is also true for the reducible case. O

Proposition 6.12 Let C := {C = 0} be a reduced curve, P be a point of K(C) and u € K(C).
Then
(u)p > Ap = u € Op.

Proof: We use induction on N := deg Ap. If N = 0 then P is a simple point and (u)p = vg(u)P
where 8 = P. By assumption we have vgp(u) > 0 and consequently v € Op = Op. Let P
be singular. We assume that the proposition is true for all n < N. We suppose without loss
of generality that all components of C pass through P = (0,0;x,y) and that X does not divide
Init(C). In this case z is invertible in K(C) and

™1 Oply1] € Op

where mp is the multiplicity of the point P and y; := y/x. It is sufficient to show that v :=
u/z™P~1 € Op[y1]. Let €' := Cl¥l be the defining polynomial of (z,y;) and G, H € K[X,Y] such
that
_ G(LE, yl)
H(z,y1)
If H(Q) # 0 for all @ € B(P) then the proof is finished since then we can show that H(x,y;) does
not belong to any maximal ideal of Op[y1] (see proposition 6.11) and consequently v is invertible

in Op[y1]. Otherwise we must find G', H' € K[X,Y] (another representation) such that v =
G'(xz,y1)/H'(z,y1) and H'(Q) # 0 for all @ € B(Q). Observe that

(wWp= Y (Wo=Ap=(mp-1)Ep+ > Ag
QEB(P) QEB(P)

and Ep = (z)p. Now we can write

()g = (u)g — (z™P~Y)g > Ag for all Q € B(P).
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Since deg Ag < deg Ap for all Q € B(P) we have
v € Oq for all Q € B(P).

Therefore there exist for every point @ € B(P) three polynomials Gg, Hg, Ag € K[X,Y] such
that

Hq(Q) # 0 and GHy = GoH + AgC'?),

We set
Ch = ') e K[X,Y).

Since ééQ(Q) # 0 and Hp(Q) # 0 we can choose ag € K such that H'(Q) # 0 for all Q € B(Q)
where
H = Z onaé?HQ.
QeEB(P)

We multiply the equation GHg = GoH —I—AQC’(SQ) by aQé\’b for each @ € B(Q) and sum up. We
obtain

GH =GH+( Y agdg)C
QeB(P)

where

G'= Y aqChGq.

QeB(P)
Consequently we have
v = G,(£U7 yl)
H'(z,y1)
with H'(Q) # 0 for all Q € B(P). O

The Brill-Noether algorithm relies essentially on Max Noether’s Fundamental Theorem which does
not impose any constraint on the irreducibility of the curve C*.

Theorem 6.13 (Max Noether’s Fundamental Theorem) Let C* := {C* = 0} a projective
plane curve. Let F,G € K[U,V,W] be two homogeneous polynomials such that C* does not divide
G. Then the following conditions are equivalent:

1. there exist two homogeneous polynomials A, B € K[U,V, W] such that deg A+deg G = deg B+
deg C* = deg F' and
F = AG + BC™.
2. F' JG" € Op..
Proof: See [Ful69] on page 120 a

The following theorem gives us an algorithm which computes a basis of the vector space associated
to a divisor.
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Theorem 6.14 Let C* := {C* = 0} be a projective plane curve, A be its adjoint divisor and D be
a diwisor of K(C*) with deg D < co. Let Gy € Sy such that C* does not divide Gy and

(Go) = D + A.

Then
L(D):={G/Go | G € Sy non-divisible by C* and (G) > (Go) — D} U {0}
where G and Gy are the residual images of, respectively, G and Gg in K[C*] and Sq C K[U,V, W]

is the set of homogeneous polynomials of degree d.

Proof: (D) : Let G € K[U,V, W] be a homogeneous polynomial such that deg G = deg Gy, C* does
not divide G and (G) > (Gg) — D. Set 2 := G/Gy. Then

(2) +D = (G)—(Go)+D >0
so that z € L(D).
(C) : Let z € L(D)\ {0}. Then D’ := D + (z) > 0 by the definition of £(D). Since D' = D
and (Go) > D + A we can apply the theorem 4.34 with R := (Go) — (D + .A) > 0 to find a
G' € K[U,V,W] such that deg G’ = deg G and

(G'y=D'+ A+ R.

We have
(G") = (Go) =D' =D = (2).
Let 2’ := G/Gy. Then (z/z') = 0. Since z and 2’ have the same zeros and poles we have
z=az :=aG' /Gy
which proves that z can be written in the above form. O

6.8 Examples

Consider the curve C* determine by the polynomial

>> projectiveCurve;
6 5 4 2 3 3 2 4 4 6
poly(X +X Z+X Z +X Z +X Y +XY Z+Y, [X,Y, Z], F_2)

defined over

>> groundField;
F_2
>> nops(List0fSingPts);
2

>> map(List0fSingPts, printProjPoint);

tf1, o, 11, fo, o0, 111
>> map(ListOfDesingTrees, drawTree);

[("uu(L1)..", "UU(L2).."]
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>> printDivisor(adjointDivisor);

3 3
411 + 412
>> nums := interpolatingForms(adjointDivisor,4);
4 2 2 2
[poly(Y , [X, Y, Z], F_2), poly(X Y + XY Z, [X, Y, Z], F_2),
4 2 2
poly(X +X Z, [X, Y, Z], F_2)]
>> GO := nums[1];
4
poly(Y , [X, Y, Z1, F_2)
>> interDivGO := intersectionDivisor(GO);
411 +4 L2

Since the intersection divisor of (Gy) and the adjoint divisor are the same, the denominators can
be chosen as the interpolating forms for the adjoint divisor. We see that the polynomial has three
absolutely irreductibel factors.

>> absFactor(4,L1);
2 2
poly(X +X2Z+ (X2+1) Y, [X, Y, z], F_8)
>> op(%, 3);
F_8
>> (%) ::minpoly;
3 2
poly(X2 + X2 + 1, [X2], IntMod(2))
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Chapter 7

Conclusion

The aim of this diploma thesis has been the implementation of all algorithms necessary to construct
geometric Goppa codes and to determine the absolutely irreducible factors of a bivariate polynomial
in the computer algebra system MuPAD.

In the first part the geometric Goppa codes have been introduced using the language of algebraic
function fields of one variable. It has been shown how the Brill-Noether algorithm can be used for
the construction of geometric Goppa codes provided that we know a plane model of the algebraic
function field. The main difficulty is here that we are working with a curve which may contain
any singularities. Therefore we have used a generalization of the classical Brill-Noether algorithm
to projective plane curves with any singularities. The presentation of the algorithms in a strictly
algebraic manner using the theory of algebraic function fields has facilitated the translation from
theory to implementation. We have shown how to obtain a representation of all places using the
technique of blowing up. It is possible to determine places of any degree, to construct any divisor,
to compute a basis of the vector space associated to any divisor, and to evaluate functions at any
place of degree one. We need all this for the construction of a geometric Goppa code. Moreover,
we can compute the genus and canonical divisors of the function field. Many results presented in
[Sti93] can be verified by computing concrete examples.

The second part treats the absolute factorization of bivariate polynomials. It has been shown
that the Brill-Noether algorithm is also valid for reduced curves. Here the function field of an
absolutely irreducible curve is replaced by the function ring of a reduced curve and the concepts of
algebraic function fields are carried over to function rings of reduced curves. A geometric approach
for the absolute factorization has been described.

Some new proofs concerning the Brill-Noether algorithm have been presented in this diploma
thesis. All the necessary algorithms for the construction of geometric Goppa codes and the absolute
factorization have been implemented by the author in MuPAD. The Brill-Noether algorithm is
defined over an algebraically closed field. It has been shown how an algebraic closure of the ground
field can be simulated by using dynamic extensions. During the computations it is necessary
to construct extension fields. Unfortunately MuPAD does not offer any methods for this. The
necessary methods had to be implemented. An implementation in MAGMA is planned since MAGMA
offers very efficient methods for constructing extension fields and for analyzing error-correcting
codes (see [BCPI7]). It would be interesting to study the properties of the codes in dependence on
the choice of the divisors used for the construction.
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